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Monte Carlo methods are often applied to the calculation of the apparent emissivities of blackbody
cavities. However, for cavities with complex as well as some commonly encountered geometries, the
emission Monte Carlo method experiences problems of convergence. The emission and absorption
Monte Carlo methods are compared on the basis of ease of implementation and convergence speed when
applied to blackbody sources. A new method to determine solution convergence compatible with both
methods is developed, and the convergence speeds of the two methods are compared through the
application of both methods to a right-circular cylinder cavity. It is shown that the absorption method
converges faster and is easier to implement than the emission method when applied to most blackbody
and lower emissivity cavities. © 2002 Optical Society of America
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1. Introduction

Blackbody cavities have an important role as calibra-
tion sources in such fields as radiometry, pyrometry,
and spectroscopy. Analysis of the emission charac-
teristics of experimental blackbodies is needed to
reach more accurate results in these fields. Analyt-
ical results giving the apparent �effective� emissivi-
ties of blackbody cavities generally become
intractable when nonaxisymmetric cavities or cavi-
ties with nonisothermal and specular cavity wall
properties are analyzed. Monte Carlo numerical
techniques therefore have been used extensively in
blackbody cavity analysis for cases in which the ge-
ometries are more complicated and nonisothermal
and specular material cavity wall properties are
present.

In the literature, two distinct methods have been
presented for use of the Monte Carlo technique to
determine the apparent emissivity of blackbody cav-
ities. Both methods are derived from radiant energy
transfer theory and have been used to measure the
apparent emissivity of several basic cavity designs.

The first Monte Carlo method developed for cavity
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analysis is the emission method, which is based on an
energy balance at each emitting surface. This
method has been used to examine cavity geometries
such as the cylinder1 and right cone.2 The results of
these analysis match those of existing analytical re-
sults within the statistical error of the Monte Carlo
method. Improvements to this technique have been
developed to increase convergence3 and to model sur-
faces with more realistic radiative properties.4

The second method that was developed is the ab-
sorption method, which is based on the integral equa-
tions arising from radiative energy transfer analysis.
This method has also been used to examine various
cavity geometries,5–7 which were then compared with
existing analytical results. This method has been
improved8–10 by techniques similar to those used to
improve the emission method.

Both emission and absorption Monte Carlo meth-
ods can be used in the analysis of blackbody cavities.
A direct comparison of these two methods is needed to
determine which method is preferred in terms of
speed of convergence and ease of implementation in
different applications. It is our goal in this paper to
provide such a general comparative analysis of the
emission and absorption Monte Carlo methods as ap-
plied to cavities. In this analysis, we show that, in
the general case, the absorption method has a greater
ease of implementation. We also show that, as a
cavity is made to have more surfaces with high emis-
sivity that do not directly face the cavity aperture or
face the aperture at oblique angles, the emission
method will lose its speed of convergence, whereas
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the absorption method will experience a minimal loss
in its speed of convergence.

In this paper we obtain the above objectives by
comparing both methods in terms of implementation
and convergence speed. To quantify the difference
in convergence speed, new convergence criteria are
developed that are compatible with both methods.
These convergence criteria are then used in the ap-
plication of both methods to a cylindrical blackbody
source, which will quantify the difference in conver-
gence speed between the two methods as the cavity
geometry is modified to have more surfaces that face
the aperture at oblique angles. Finally, the results
of the comparison of the emission and absorption
Monte Carlo methods are summarized.

2. Theory

A. Background

The Monte Carlo emission and absorption methods
both have their origins in radiant energy transfer.
The emission method is based on an energy balance
at each surface, and the absorption method is based
on the integral series solution for surface reflectivity.
For both methods, only an outline of the theoretical
development is given, and the cavity wall surfaces
are assumed to be isothermal, gray, and diffuse.

The theoretical basis for the emission method of
Monte Carlo cavity analysis is in the form of an en-
ergy balance. Each surface emits energy bundles
having energy

Ebun �
�w�Tw

4Aw

N
, (1)

where Tw is the temperature of the emitting surface,
Aw is the total surface area of the cavity walls, �w is
the surface emissivity, � is the Stefan–Boltzmann
constant, and N is the total number of energy bundles
emitted by all cavity surfaces. The initial location of
bundle emission and the direction of the bundle are
determined by probability functions. These bundles
are then traced to their next surface intersection
where either absorption or reflection takes place as
determined by the probability function of the mate-
rial properties of that surface. The calculated net
energy flux at a given surface is thus determined
when we take the difference between the number of
bundles absorbed and the number of bundles emitted
by that surface. We thus find the hemispherical ap-
parent emissivity of the aperture by dividing the net
flux of the aperture Eap by the flux of a perfectly
emitting surface �Tw

4, or

�app �
Eap

�Tw
4Aap

�
NoutEbun

�Tw
4Aap

�
Nout�Aap

N�Aw
�w, (2)

where Nout is the number of bundles that exit
through the aperture and Aap is the surface area of
the aperture.

The derivation of the absorption Monte Carlo
method arises from the integral equation for the ap-
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parent emissivity at the aperture of a cavity. The
apparent directional reflectivity of a cavity aperture
is given by the series solution

�app��X� � f1�w � f2�w
2 � f3�w

3 � . . . , (3)

where �w is the reflectivity of the cavity wall surfaces
and X is the location of an elemental area of the cavity
surface. We can find the apparent total hemispher-
ical reflectivity �app by integrating the apparent di-
rectional reflectivity from Eq. �3� over all directions,
over the cavity walls, and over the surface area of the
aperture.

The coefficients of Eq. �3�, fi, are purely geometric
in nature and are given by11

f1 � �
app

dF�X, A�,

f2 � �
app

dF�X, A� �
X1

dF�X, X1�,

f3 � �
app

dF�X, A� �
X1

�
X2

dF�X, X2�dF�X2, X1�,

···

fi � �
app

dF�X, A� �
X1

�
X2

· · · �
Xi

dF�X, Xi�· · ·dF

� �X3, X2�dF�X2, X1�,

··· , (4)

where dF�Xi, Xj� is the angle factor between surface
elements dXi and dXj. These coefficients can be
thought of as the fraction of energy leaving the cavity
through the aperture after undergoing i reflections.
In this manner, f1 is the diffuse angle factor from a
position on the cavity walls specified by X to the
cavity aperture. For i � 2, these coefficients can
become analytically intractable for even simple cone
and cylinder geometries; therefore numerical tech-
niques are used to calculate them.

The Monte Carlo technique can be used to deter-
mine these coefficients, as has been shown by Ono.5
A large number of energy bundles N originating from
the cavity aperture surface are incident on the cavity
walls. These bundles each carry an arbitrary, but
identical, energy. On each impact, the subsequent
direction for the energy bundle is determined by a
probability distribution. The coefficients are then
determined when we find the fraction of energy bun-
dles Ni�N exiting after undergoing i reflections.
The apparent total hemispherical reflectivity is found
when we distribute the originating rays over the ap-
erture surface and over 2� sr and take their sum,
given by

�app � 	
m* Ni

N
�w

i. (5)

i
1



In contrast to Eq. �3�, Eq. �5� is the apparent reflec-
tivity averaged over the whole aperture as opposed to
that from a specific location on the cavity wall X. In
addition, Eq. �5� is truncated at the m*th reflection
term where the value of �w

i becomes negligible with
respect to other terms of the sum. We estimated an
upper limit to m* for a given computer system round-
off error Er by

m* � Int�log Er
log �w

� . (6)

Another form of this series developed by Sapritsky
and Prokhorov8,9 can be constructed when we sepa-
rate out the bundles of each of the Ni terms of Eq. �5�
and then sum all these bundles as individual terms,
transforming that sum into the new form,

�app �
1
N 	

j
1

N

�w
mj, (7)

where mj is the number of reflections made by the jth
bundle before exiting the cavity, limited by m*. Us-
ing Kirchhoff ’s law, we then rewrite this sum in
terms of the cavity’s apparent total hemispherical
emissivity as

�app �
�w

N 	
j
1

N

	
k
1

mj

�w
k�1. (8)

Although both methods use the Monte Carlo tech-
nique, these two numerical methods differ on a num-
ber of key aspects. In the emission method, all
cavity surfaces emit energy bundles, and the aper-
ture itself only absorbs bundles as shown in Fig. 1�a�.
The bundles have a defined energy that is related to
the surface area of the cavity. Upon each surface
interaction, each bundle is either completely ab-
sorbed or completely reflected. Thus the Monte
Carlo emission method is used to distribute energy
between the cavity surfaces and the cavity aperture.
In contrast, the absorption method uses an arbi-
trarily defined bundle energy, and bundles are emit-
ted only by the aperture as shown in Fig. 1�b�. Each

Fig. 1. Conceptual drawings of �a� the emission method and �b�
the absorption method that show the principal differences between
the two methods. In the emission method, the bundles are emit-
ted from the cavity surfaces and are traced until absorbed by the
cavity wall or exit the cavity. In the absorption method, the bun-
dles are emitted from the aperture and are traced until they exit
the aperture or until the reflection truncation limit m* is reached.
bundle is partially absorbed and is reduced in statis-
tical weight by a factor of �w at each surface interac-
tion. In this way, the Monte Carlo absorption
method is used to find the probability of energy re-
turning to the aperture from the cavity surfaces.

B. Method Comparison

The differences between the emission and the absorp-
tion methods when applied to cavities can be brought
forth when we look at three aspects of their use:
distribution functions, rate of convergence, and ap-
plications. The first of these aspects, distribution
functions related to the location of bundle emission, is
now compared between the two Monte Carlo meth-
ods. In the emission method, each surface emits an
identical number of bundles per surface area. Con-
sequently, an overall distribution function is first
found that weights each surface according to its frac-
tion of the overall cavity surface. Then a probability
distribution function is found for each ith surface in
the jth coordinate direction so we can obtain a uni-
form distribution of emitted bundles across each sur-
face. Assuming gray, isothermal cavity walls, these
distribution functions are of the form

Pi� xj�dxj �
1
A

dA, (9)

where xj are coordinates of some cavity reference
frame. Such functions are found for each coordinate
and for each surface. Each of these probability func-
tions is then integrated to find the cumulative distri-
bution function,

Rij � �
0

xj

Pi� xj��dxj�, (10)

which is used to determine the position xj on the ith
surface by use of a random number Rij between 0 and
1. If the geometry consists of a large number of
small planar surfaces, this results in i � j integrals to
be evaluated; for geometries consisting of nonplanar
geometries, it can be a formidable task to solve Eq.
�10�.

In contrast to the emission method, the absorption
method requires that only one distribution function
be found over the aperture. Most experimental
blackbody sources have a circular aperture residing
in a single plane. Thus, for the absorption method,
the calculation of distribution functions is indepen-
dent of cavity geometry and therefore does not in-
crease in complexity for cavities containing many
planar or some nonplanar surfaces.

The second comparison to be made between the two
methods deals with the speed of convergence of the
algorithm. To compare the convergence speed of
these two methods, a compatible convergence method
for both methods is developed in Subsection 3.A. In
this new convergence method, the output of the
Monte Carlo algorithm is separated into separate,
consecutive sets. The variance of these sets, in turn,
is used to determine convergence. Any property or
1 February 2002 � Vol. 41, No. 4 � APPLIED OPTICS 693
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effect that tends to increase this set variance will
therefore increase the number of bundles required for
convergence. Before we thoroughly develop this
new convergence method, some general assertions
can be made when we compare the convergence speed
of the two Monte Carlo methods.

If one looks at the Monte Carlo emission equation,
Eq. �2�, one sees that the bundles are distributed on
the cavity surface according to a bundle density:

�B �
N
Aw

. (11)

For a given number of bundles, the bundle density
decreases as the surface area of the cavity increases.
Although variance is, in general, dependent on the
geometry and surface properties of the cavity in ques-
tion, one expects the general behavior that, as the
bundle density decreases, the variance of each set
will increase. In turn, this leads to a larger number
of emitted bundles required before the convergence
criteria are met, which implies that, as cavity surface
area Aw increases, the total number of bundles re-
quired for convergence must also increase. Also, in
geometries with surfaces that face the cavity aper-
ture at oblique angles, the contribution of such sur-
faces to the overall cavity apparent emissivity is
small and subject to large variance because of multi-
ple reflections. For a source containing such com-
plex geometry, a large number of bundles is used to
ensure a final result with low variance.

The number of bundles N is directly related to the
speed of convergence in that, for each bundle, a com-
putationally intensive ray-tracing subroutine, cost-
ing time 
, must be called a minimum of one time.
The total computational time t for convergence can
then be expressed as

t � Nr�
, (12)

where r� is the average number of reflections of a
bundle before it exits the cavity or is absorbed by a
cavity wall. In general, r� is dependent on both ge-
ometry and cavity wall material properties; however,
for the emission method an upper bound on the av-
erage number of reflections per bundle can be found.
If the aperture is replaced by an absorbing surface
with radiative properties identical to the cavity walls,
each bundle reflects until it is absorbed by a surface.
At each surface interaction, the bundle has a proba-
bility of �w of being reflected; therefore, for a constant
�w, the average number of reflections for the emission
method is bounded by the power series

r� emiss � 	
l
0

�

�w
l �

1
1 � �w

. (13)

This upper bound will be approached in cavities hav-
ing a large fraction of surfaces that face the aperture
at oblique angles because, in this case, a large frac-
tion of emitted bundles are absorbed before exiting
the cavity. When relation �12� is considered with
the variance, the result is that, for the emission
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method, the overall convergence speed measured by
ray-tracing processing time decreases as the number
of oblique surfaces increases.

The absorption method should not experience the
same slowing in convergence speed. In contrast to
the emission method, the bundle density for the ab-
sorption method does not change as the cavity geom-
etry becomes more complex because the bundles are
emitted from the aperture. Although the variance of
the absorption method would be expected to increase
as the number of oblique surfaces increases, the in-
crease in variance should be much smaller because
the bundle density is constant in this case. When
the average number of reflections r� is examined, one
sees that the average number of reflections per bun-
dle is not limited by absorption probability as it is in
the emission method because each impact only re-
duces the statistical weight of the bundle. The av-
erage number of reflections is instead limited by the
numerical round-off error truncation given in in-
equality �6�. Although r� for the absorption method
may be many times larger than that for the emission
method, relation �12� indicates that the expected
large reduction in the number of bundles required for
convergence, N, allows the absorption method to have
an overall convergence speed that is faster than the
emission method when applied to cavities with many
oblique surfaces.

The third comparison to be made between the two
Monte Carlo methods deals with the case of normal
emittance. In the laboratory, blackbody cavities are
usually positioned behind a limiting aperture of high
reflectivity to reduce stray thermal signal originating
on the front surface of the blackbody source. For
this reason, the normal emittance of the source or the
emittance of the source through an aperture located
at a finite distance from the source is often needed.
To properly model this setup, this aperture surface
must be introduced into the analysis. As the aper-
ture is moved further away from the source, the ef-
fective source aperture as seen from the walls of the
cavity is reduced in size, which in turn decreases the
aperture surface area to cavity wall surface area ra-
tio. Thus, when we increase the distance between
source and aperture, it has the same effect as increas-
ing the surface area of the cavity. As shown above,
this increase in cavity surface area decreases the
overall convergence speed of the emission method.
A similar problem exists for the emission method if
the blackbody source is imaged through a lens or
mirror. In this case, the aperture is narrowed to a
point at the focal distance of the optics in question,
which has the identical effect of creating an effective
infinite cavity surface area Aw. Equation �11� then
shows that, in this case, an infinite number of bun-
dles is needed to produce a finite bundle density. In
other words, as a limiting aperture is brought to an
infinitesimal point, the statistical probability of a ray
exiting the blackbody source and then hitting the
aperture approaches zero.

The absorption method does not suffer the same
limitations as the emission method for normal emit-



tance models. Because the bundles are emitted
from the aperture, an increase in the distance be-
tween aperture and source only changes the angular
distribution function of these emitted bundles.
Each bundle still contributes information to the mea-
surement of the aperture apparent emissivity accord-
ing to Eq. �8�, and therefore no increase in the
number of bundles is required for an accurate solu-
tion. In addition, if the blackbody source is imaged
through optics, one merely sets the origin of all bun-
dles to a focal point of the optics, and a convergent
solution can be found.

One last difference between the two methods is in
the information available from each method. In the
emission method, each surface emits bundles of a
prescribed energy, and so an estimate of the radiative
flux at every surface can be calculated when we track
the number of bundles emitted and absorbed at that
surface. This information can then be used to aid in
the thermal design of the blackbody source. In con-
trast, the absorption method does not readily supply
information outside of a description of the emitted
spectrum. For this reason, the absorption method is
not as widely used in general radiative analysis.

3. Analysis and Results

A. Convergence Analysis

When we examine the differences between the emis-
sion and the absorption methods, one item that de-
serves closer examination is the speed of
convergence. However, before a direct comparison
between the two methods can be made, compatible
convergence criteria are needed. As previous au-
thors have shown,12 the convergence for the emission
Monte Carlo method can be found in terms of the
variance of the algorithm output ��app

2. Use of ��app

2

is possible for the emission method because the re-
sults of each individual bundle follow a binomial dis-
tribution, where each bundle either exits the
aperture or is absorbed. The variance of such a
zero–one distribution is well known and easily cal-
culated. In the absorption method, however, the
variance-based convergence criteria fail. The fail-
ure occurs because, in this method, each ray is par-
tially absorbed before exiting the aperture. If the
results of a large number of bundles are tracked, it is
found that the results follow a multinomial distribu-
tion. The variance of such a distribution is ex-
tremely difficult to calculate, and so new convergence
criteria that are compatible with both methods need
to be established.

To do so, we developed new convergence criteria
based on a linear least-squares method. In this
technique, an intercept for the first least-squares line
is chosen. The choice of this first intercept is some-
what arbitrary because Monte Carlo solutions rarely
converge quickly. Using this set intercept, we per-
formed a least-squares fit on the first n results of the
Monte Carlo algorithm. Using the resulting linear
equation, we determined the intercept for the next
least-squares line for the next set of n results. The
least-squares analysis is repeated for each consecu-
tive set of n results, resulting in a continuous series of
lines constructed from the output of the Monte Carlo
algorithm. An example of this convergence tech-
nique is shown graphically in Fig. 2 where the least-
squares fit lines are superimposed over the apparent
emissivity versus N data. If one looks at the point-
wise output of the Monte Carlo algorithm as a func-
tion of emitted bundles, one first can see a widely
varying function that slowly converges to a solution
as the overall number of bundles emitted, N, in-
creases. The series of least-squares lines therefore
converge to lines with a slope near zero and having a
small variance. The convergence criteria of the
Monte Carlo algorithm are thus established by use of
these properties.

From a least-squares analysis, the set variance s�
2

about its fit line with estimated slope a* is found to be

s�
2 � � 1

n � 1� 	
k
1

n

���k � �0� � a*�Nk � N0��
2. (14)

An estimation of the true slope a* is found from the
set data by

a* �
	
k
1

n

�Nk � N0���k � �0�

	
k
1

n

�Nk � N0�
2

, (15)

where N0 and �0 are the coordinates of the origin of
the line determined by the end point of the previous
least-squares line. The convergence criteria of the
Monte Carlo methods are determined by the statistic

t �
��* � ��

s ��n
, (16)

Fig. 2. Plot of apparent emissivity versus N along with the cal-
culated least-squares fit �L.S.F.� lines showing how the estimated
slope of the least-squares lines approaches zero as N increases.
�
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where ��* and �� are the average estimated and true set
results, respectively, and are given by

��* �
1
n 	

k
1

n

a*�Nk � N0� � �0, (17)

�� �
1
n 	

k
1

n

a�Nk � N0� � �0. (18)

Simplifying Eq. �16�, a statistic following the Stu-
dent’s t distribution,

t �
�a* � a�N�

s���n
, (19)

is found, where N� is the average value of Nk over the
set of n points used for the least-squares fit. At large
sample sizes �n � 20�, the normal distribution can be
substituted for the Student’s t distribution. When
we use the normal distribution, the probability of t
being less than some value � is given by

Prob��t� � �� � Prob���a* � a�N�

s���n �� �	� erf� �

�2� ,

(20)

which can be rewritten as

Prob���a* � a�N� � �
�s�

�n	 � erf� �

�2� . (21)

For convergence, two conditions relating to Eq. �21�
must be held. First, the criteria for convergence
must be set. Convergence can be said to occur when
the difference between the average estimated and
average true results is less than a small specified
number �:

��a* � a�N� � � �. (22)

The value for � is chosen somewhat arbitrarily in that
the needed degree of convergence varies from appli-
cation to application. However, a general guideline
for the choice of � found from numerical experiments
is that 10�7 � � � 10�5. Once � is set, the following
relation for convergence is established:

�s�

�n
� �. (23)

When we look at Eq. �21� and inequality �23�, the
second convergence condition, which determines the
value of �, can be explained. For a given value of �,
the probability of the meeting of convergence criteria
signaling the true convergence must be high �i.e., the
probability of a random-chance nonconvergent result
meeting the convergence criteria is low�. A high
probability means that the right-hand side of Eq. �21�
must equal a high percentage �for example, 95%�.
From this condition, the value of � can be established
by use of standard tables listing the value of the error
function �e.g., in the case of 95% probability, � 

1.96�. After both � and � are fixed, convergence can
96 APPLIED OPTICS � Vol. 41, No. 4 � 1 February 2002
be determined when a set of the Monte Carlo algo-
rithm gives a variance s�

2, which satisfies inequality
�23�. However, s�

2 itself can have a large variance
leading to variability in the number of sets required
for convergence for a given model analysis. For this
reason, a moving average of s�

2 is used in place of s�
2

in inequality �23� to reduce the variability in conver-
gence time.

In this convergence analysis, one important as-
sumption was made. The least-squares analysis as-
sumes that, for each point of the set Nk, the variance
of �k about the true value � is identical. This as-
sumption is not strictly held here. A clear violation
of this assumption occurs if the complete set of N
bundles from a convergent solution is used for the
least-squares fit. If many different complete trials
are done, it would be found that the result of the first
bundle would have a large variance, where the last
�and convergent� result would have a small variance.
For this reason, one must take care when setting the
size of the data sets n used for the least-squares fit.
If the set is too large, the results given above will not
be valid, and convergence may be overestimated.

B. Example Model Analysis

With compatible convergence criteria established,
the convergence properties of the emission and ab-
sorption methods can be explored. To illuminate the
differences between the two methods, a cylindrical
blackbody source of length L and radius R is used to
show a simple cavity transitioning to one having a
large fraction of surfaces facing the aperture at
oblique angles. At a small length-to-radius ratio
L�R, the geometry of this cavity is such that a small
fraction of the total cavity wall surface area has a low
probability of emitted or reflected rays reaching the
aperture. At large values of L�R, a large fraction of
the total cavity wall surface area has a low probabil-
ity of emitted or reflected rays reaching the aperture.

The analysis of the cylinder was performed as fol-
lows. In both emission and absorption methods, the
cavity wall surfaces are assumed to be isothermal,
gray, and diffuse. As stated above, the ray-tracing
subroutine usually exacts the largest computational
cost in Monte Carlo analysis. The computational
time for convergence is therefore measured in terms
of the number of calls to the ray-tracing subroutine.
This measurement is standardized between the two
methods by use of an identical ray-tracing subroutine
in both computer codes. In addition, both methods
use the same combined linear congruential random-
number generator13 to equalize pseudo-random-
number generation and computational cost. To
establish consistent convergence criteria between
both methods, each will use the least-squares conver-
gence criteria stated above with a set size n of 100
with a 95% probability �� 
 1.96�, a � value of 2 �
10�6, and with the previous ten values of s�

2 for the
moving average of s�

2 in inequality �23�. We deter-
mined this value of � by comparison of the least-
squares convergence method with the standard



variance convergence method using a cylinder with a
L�R value of 1 and �w 
 0.5.

The algorithms used for the emission and absorp-
tion method follow that of previous authors.8,14 For
the emission method algorithm, the location on the
cavity surface of each emitted bundle is found accord-
ing to the distribution functions derived from Eqs. �9�
and �10�. The direction of the bundle is determined
by a diffuse, gray reflection distribution function.14

The bundles are then traced to the next surface
where we determined absorption or reflection by com-
paring a pseudo randomly generated number to the
reflectivity of the surface. The bundles then con-
tinue to be diffusely reflected or absorbed until ab-
sorption occurs or the bundle exits the cavity. If the
bundle exits the aperture, it is added to the running
tally. For the absorption method algorithm, the or-
igin of the bundle on the aperture surface is deter-
mined by a distribution function. The bundle is
then diffusely reflected about the cavity until either
the bundle exits the cavity or the number of reflec-
tions reaches the reflection limit m*. At each reflec-
tion, the weight of the bundle is tallied according to
Eq. �8�.

We perform the analysis of convergence speed by
first looking at the output of the two methods and
comparing them with an analytical solution. Figure
3 shows the comparison and indicates that both
methods result in an accurate solution over a wide
range of L�R and surface emissivity, as expected. In
convergence to these solutions, the average number
of calls to the ray-tracing subroutine per traced bun-
dle, the number of bundles required for convergence,
and the total number of ray-tracing subroutine calls
are recorded. Figure 4 is a plot of the average num-
ber of calls to the ray-tracing subroutine per traced
bundle r� as a function of L�R. For the emission
method, it can be seen that, at large values of L�R,
where many of the rays are absorbed by the cavity

Fig. 3. Plot of the apparent emissivity versus L�R for a right
cylinder for both emission and absorption methods showing agree-
ment with previous results �see Sparrow et al.1� at multiple surface
emissivities and a range of values of L�R.
walls, r� approaches 1��1 � �w� 
 1��w, as predicted.
The value of r� for the absorption method is up to
seven times larger than that for the emission method
for a value of Er in inequality �6� of 1 � 10�12. To
determine the validity of our choice of Er, the appar-
ent aperture emissivity is plotted as a function of m*
for several values of surface emissivity and a L�R
value of 10 in Fig. 5. Figure 5 shows that our choice
of Er results in a m* value that is much higher than
what is required for an accurate solution. If a larger
value of Er is used resulting in a smaller m*, the
average number of ray-tracing subroutine calls per
bundle will decrease; therefore the absorption

Fig. 4. Average number of calls to the ray-tracing subroutine is
plotted versus L�R for both the emission and the absorption meth-
ods for various values of cavity wall emissivity �w. The average
number of ray traces per bundle for the absorption method is much
larger than for the emission method at all surface emissivities and
values of L�R. The emission method approaches the theoretical
1��1 � �w� 
 1��w limit at large L�R.

Fig. 5. Apparent emissivity is plotted versus the truncation limit
m* for the absorption method showing that the limit used in this
paper is much larger than what is needed for accurate solution
convergence.
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method will converge faster than is shown in this
example. For this reason, the convergence speed
data shown here represents a worse-case situation
and could be improved by a better choice of Er leading
to a smaller reflection truncation limit m*. This dif-
ference in average subroutine calls between the two
methods is indicative of the key computational dif-
ference between the two methods. In the emission
method, the bundle is either completely absorbed at
each surface, eliminating any subsequent ray trac-
ing, or it is completely reflected, requiring further
traces. In contrast, each bundle in the absorption
method is reduced in weight upon each impact, and
therefore the ray tracing ends only if the ray exits the
aperture or if the number of reflections meets the
reflection truncation limit m*.

Although the average number of subroutine calls
per traced bundle for the absorption method is much
larger than that for the emission method, the overall
total number of calls to the ray-tracing subroutine for
convergence, and hence convergence speed, of the ab-
sorption method is much smaller than that for the
emission method. The overall convergence speed,
measured in the total number of calls to the ray-
tracing subroutine, is plotted in Fig. 6. In Fig. 6, as
L�R is increased the difference in convergence speed
between the two methods increases dramatically, es-
pecially for high values of cavity surface emissivity.
At the largest L�R and largest surface emissivity
shown here, the absorption method converges an
order-of-magnitude faster than the emission method.
This apparent disagreement between the large aver-
age number of subroutine calls per bundle and the
small overall convergence speed can be explained
when we look at the number of least-squares sets
needed for convergence, which is shown in Fig. 7. As
the geometry is made to have more oblique surfaces
with an increase in L�R, the number of sets required
for convergence for the absorption method remains

Fig. 6. Total number of calls to the ray-tracing subroutine is
plotted versus L�R for the emission and absorption methods. For
complex geometry �i.e., large values of L�R�, the absorption method
converges more rapidly than the emission method.
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constant, but increases monotonically for the emis-
sion method. As explained above, the emission
method is dependent on a cavity bundle density that
decreases as the geometry is made larger. This de-
crease in surface bundle density results in a larger
set variance requiring a larger number of sets for
convergence. The absorption method, in contrast,
has a constant bundle density over the aperture sur-
face, which is independent of changes to the cavity
geometry. The set variances of the absorption
method do not change, and so this method does not
require an increase in the number of sets required for
convergence as the cavity is made to have more
oblique surfaces.

For sources with nonisothermal wall properties,
results with the same general properties as those
discussed here are expected. Experimental black-
body cavities are designed to keep temperature gra-
dients to a minimum. It is therefore expected that,
with respect to the behavior of set variance of the two
methods, the effects of a change in the cavity geom-
etry will dominate over the effects of small variations
in cavity wall temperature. In addition, variable
surface temperatures mean that the emission
method requires more complicated distribution func-
tions to determine the origin of the bundles emitted
from the surfaces.14 The absorption method re-
quires only a weighting term dependent on the local
temperature7 to be included in Eq. �8� and therefore
is easier to implement than the emission method for
nonisothermal cavities.

4. Summary and Conclusions

We have presented two methods for the application of
the Monte Carlo technique to the problem of finding
blackbody cavity apparent emissivity. The funda-
mental differences between the two methods were

Fig. 7. Plots of the number of least-squares sets required for
convergence versus L�R for the emission and absorption methods
showing that the advantage in speed of convergence of the absorp-
tion method is caused by the reduced number of least-squares sets
required for a convergent solution.



explained from a brief outline of the analytical basis
of the two methods. In the emission Monte Carlo
method, each surface of the blackbody cavity emits
bundles of a prescribed energy that are completely
absorbed or completely reflected by each consecutive
surface according to distribution functions derived
from surface properties. In the absorption Monte
Carlo method, bundles are traced from the aperture
and are statistically weakened at each surface inter-
action until their statistical weight is reduced to a
value below the accuracy limit of the computer sys-
tem involved.

The two methods were compared on the basis of
ease of implementation. In the development of the
Monte Carlo algorithm, the absorption method re-
quired fewer and simpler distribution function calcu-
lations than the emission method. The absorption
method was also preferred to the emission method
when applied to the case of normal emittance or in
use of optics. However, the emission Monte Carlo
method is advantageous in that it provides local heat
flux information that can be useful in the design of
experimental sources.

New compatible least-squares fit convergence cri-
teria for the comparison of convergence speed of both
methods were developed. Using this convergence
criteria, we applied both methods to a right cylinder
of length L and radius R. The values of L�R and �w
were varied to quantify the convergence behavior of
the two methods as the cylindrical cavity was length-
ened and the surface emissivity was changed. It
was found that, although the average number of calls
to the ray-tracing subroutine was much larger for the
absorption method than for the emission method for
larger values of L�R, the number of least-squares sets
required for convergence was much smaller for the
absorption method than for the emission method.
This smaller number of required least-squares sets
resulted in the absorption method having a much
faster overall convergence speed, which was ex-
plained in terms of the dependency of the variance of
each least-squares set on the surface bundle density.

From these results it can be concluded that the
absorption method is preferred over the emission
method in the application of the Monte Carlo tech-
nique to the calculation of blackbody aperture appar-
ent emissivity for cavities with a large number of
surfaces that face the aperture at oblique angles.
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through grant CTS-95-27983. Any opinions, find-
ings, conclusions, or recommendations expressed in
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