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Abstract

Metallic materials display strong size effect when the characteristic length associated with

plastic deformation is on the order of microns. This size effect cannot be explained by classical
plasticity theories since their constitutive relations do not have an intrinsic material length.
Strain gradient plasticity has been developed to extend continuum plasticity to the micron or

submicron regime. One major issue in strain gradient plasticity is the determination of the
intrinsic material length that scales with strain gradients, and several microbend test speci-
mens have been designed for this purpose. We have studied different microbend test speci-
mens using the theory of strain gradient plasticity. The pure bending specimen, cantilever

beam, and the microbend test specimen developed by Stolken and Evans (Stolken, J.S.,
Evans, A.G., 1998. A microbend test method for measuring the plasticity length scale Acta
Mater. 46, 5109–5115) are found suitable for the determination of intrinsic material length in

strain gradient plasticity. However, the double cantilever beam (both ends clamped) is unsui-
table since its deformation is dominated by axial stretching. The strain gradient effects sig-
nificantly increase the bending stiffness of a microbend test specimen. The deflection of a 10-

mm thick beam is only a few percent of that estimated by classical plasticity. # 2002 Elsevier
Science Ltd. All rights reserved.
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1. Introduction

Ultra-thin beams have been widely used in micro-electro-mechanical systems
(MEMS), sensors and actuators (Chau et al., 1991; Geijselasers and Tijdeman,
1991). The thickness of these beams ranges typically from submicrons to ten
microns. Within this range, metallic materials display strong size effects. For example,
in the microtorsion test of thin copper wires, Fleck et al. (1994) observed that the
normalized shear strength increases by a factor of 3 as the wire diameter decreases
from 170 to 12 mm. In the microbend test of thin nickel beams, Stolken and Evans
(1998) observed a significant increase in plastic work hardening as the beam thick-
ness decreases from 50 to 12.5 mm. In the micro-indentation tests, the measured
indentation hardness of metals increases by a factor of two to three as the width of
the indenter decreases from 10 to 1 mm (Nix, 1988; Stelmashenko et al, 1993; Ma
and Clarke, 1996; Poole et al., 1996; McElhaney et al., 1998). For an aluminum-
magnesium matrix reinforced by silicon carbide particles, Lloyd (1994) observed a
substantial increase in strength as the particle diameter was reduced from 16 to 7.5
mm at a fixed particle volume fraction of 15%. Rhee et al. (1994a,b), Zhu and Zbib
(1995), Nan and Clarke (1996), and Zhu et al. (1997) also made a similar observa-
tions of size effect in metal–matrix composites. These phenomena are all related to
the plastic deformation of materials at the micron scale, but cannot be explained by
the classical plasticity theories because their constitutive models do not have an
internal material length scale.
In order to extend continuum plasticity to the micron or submicron scale, strain

gradient plasticity theories have been developed (Dillon and Kratochvil, 1970;
Aifantis, 1987; Fleck and Hutchinson, 1993, 1997; Fleck et al., 1994; Gao et al.,
1999; Acharya and Bassani, 2000; Huang et al., 2000a,b; Shu and Barlow, 2000; Dai
and Parks, 2001; Gurtin, in press; Hwang et al., in press; Engelen et al., in press).
The recent strain gradient theories are based on dislocation mechanics, which sug-
gests that the plastic work hardening of materials is due to both statistically stored
dislocations and geometrically necessary dislocations (Nye, 1953; Cottrell, 1964;
Ashby, 1970), and the latter are directly related to the gradients of plastic strain.
Fleck and Hutchinson (1993, 1997) and Fleck et al. (1994) have developed a phe-
nomenological theory of strain gradient plasticity by generalizing classical J2 plasti-
city within the framework of higher-order continuum theory (Toupin, 1962; Koiter,
1964; Mindlin, 1964, 1965). While stresses are work conjugates for strains, couple
stresses are introduced as the work conjugates for strain gradients. A length para-
meter, l, scales the strain gradients in the constitutive model so as to balance the
dimensions of strains and strain gradients, i.e. " and l d"=dxð Þ. The length l is assumed
to be an intrinsic material length. Based on Fleck et al. (1994) microtorsion test of
thin copper wires and Stolken and Evans’ (1998) microbend test of thin nickel
beams, the material length l is estimated to be 4 mm for copper and 5 mm for nickel. As
the representative length L of the deformation field becomes significantly larger than
the material length l, i.e. L�l, strain gradient effects become negligible because the
strain gradient terms are much smaller than the strains, i.e. l d"=dxð Þ � ", and the
strain gradient plasticity theory (Fleck and Hutchinson, 1993, 1997; Fleck et al.,
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1994) degenerates to classical J2 plasticity. However, as in aforementioned experi-
ments, when the representative length L of the deformation field becomes compar-
able to the material length l (�mm), strain gradient effects become significant
because the strain gradient term is on the same order as the strain.
A major issue in strain gradient plasticity is the determination of the constitutive

length parameter l. Are there experiments to validate that l is indeed a material
length (i.e. independent of loadings and specimens)? How is it related to micro-
structure in a material? Based on the Taylor model in dislocation mechanics, Nix
and Gao (1998) have identified this length l as L2

d=b, where Ld is the average spacing
between dislocations at plastic yield, and b is the Burgers vector. This intrinsic
material length l can also be expressed as 3�2

�
G
�Y

�2
b, where � is a constant coefficient

in the Taylor model and is on the order of 1 (Nix and Gibeling, 1985), G is the shear
modulus, and �Y is the yield stress in uniaxial tension. As shown in Fig. 1, the
micro-indentation hardness predicted by Nix and Gao’s strain gradient model
agreed remarkably well with the experimental data. This motivated Gao et al. (1999)
and Huang et al. (2000a,b) to develop a mechanism-based strain gradient (MSG)
plasticity theory based on the Taylor model in dislocation mechanics.
There are some experimental efforts to determine the material length l by microbend

test of thin foils. Stolken and Evans (1998) developed a versatile microbend test, which
involved the bending of a thin annealed nickel foil around a small diameter cylindrical
tungsten mandril, followed by measurement of the unloaded and loaded radii of cur-
vature. By usingmandrils which have different diameters (from 125 mm to 2mm) as well
as foils with different thickness (from 12.5 to 50 mm), the length scale associated with

Fig. 1. Depth dependence of the hardness of (111) single crystal copper (Nix and Gao, 1998), where H is

the microindentation hardness, H0 is the hardness for large depth of indentation, h is the depth of inden-

tation; the triangles are experimental data, while the solid and dashed lines are predictions by strain gra-

dient plasticity and conventional plasticity, respectively.
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strain gradient plasticity was determined to be approximately 6 mm for nickel.
Haque and Saif (in press) used the micro-electro-mechanical systems (MEMS) to
measure the force and deflection of a submicron-thick aluminum cantilever beam.
The method was an extension of that developed by Saif and MacDonald (1998) for
silicon-based microinstruments for atomic scale surface imaging and modifications,
as well as for submicron scale material investigations. The deflection was measured
to an accuracy of a few nanometers.
The beams in these microbend experiments undergo large rotations. The initially

horizontal beam was bent to a nearly vertical configuration in Stolken and Evans’
experiment (1998). Aifantis (1999) investigated bending of a thin beam under infinite-
simal deformation. This paper provides a study of different microbend test specimens
(Stolken and Evans, 1998; Haque and Saif, in press) by the phenomenological the-
ory of strain gradient plasticity (Fleck and Hutchinson, 1993; Fleck et al., 1994).
The effect of finite rotation of the beam is accounted for in the analysis. A summary
of the phenomenological theory of strain gradient plasticity is given in Section 2.
The pure bending specimen, the cantilever beam, and Stolken and Evans’ (1998)
microbend test specimen are studied in Sections 3, 4 and 5, respectively. The intrinsic
material length l in strain gradient plasticity can be determined from these
microbend tests in conjunction with the present analysis. It can then be used to
verify the estimate based on the Taylor model in dislocation mechanics given by Nix
and Gao (1998).

2. Strain gradient plasticity

The equilibrium equations and constitutive law in phenomenological strain gra-
dient plasticity (Fleck and Hutchinson, 1993; Fleck et al., 1994) are summarized in
this section for plane-strain deformation. The in-plane Cauchy stresses t��(�,�=1,
2) are decomposed into the symmetric part ���(���=���) and the anti-symmetric
part ���(���=����). The non-vanishing couple stresses (moments per unit area) are
denoted by m�(�=1,2), where m� stands for m�3 in three-dimensional strain gradient
plasticity, and x3 is the out-of-plane direction. Equilibrium of forces and moments
requires

t��;� ¼ ���;� þ ���;� ¼ 0 � ¼ 1; 2; ð1Þ

and

m�;� þ �12 � �21 ¼ 0: ð2Þ

The stress traction T and couple-stress traction q on the boundary are

T� ¼ 	�t��; q� ¼ 	�m��; � ¼ 1; 2; ð3Þ

where n is the unit normal vector on the boundary.
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The relations among strains "��, displacements u�, rotation !, and curvatures �� are

"�� ¼ u�;� þ u�;�
� �

=2; ! ¼ u2;1 � u1;2
� �

=2; �� ¼ !;�; �; � ¼ 1; 2; ð4Þ

where �� stands for �3� in three-dimensional strain gradient plasticity. The elimina-
tion of displacements and rotations yields the �-" compatibility equations,

�1 ¼ "12;1 � "11;2; �2 ¼ "22;1 � "21;2; ð5Þ

and the � compatibility equation,

�1;2 � �2;1 ¼ 0: ð6Þ

In the deformation theory of phenomenological strain gradient plasticity, stresses
and couple stresses are work conjugates of strains and curvatures, i.e.

��� ¼
@W

@"��
; m� ¼

@W

@��
; �; � ¼ 1; 2; ð7Þ

where W is the strain energy density, which depends not only on the first invariant
"m and second invariant "e of strains (as in classical plasticity), but also on the sec-
ond invariant �e of curvatures (the first invariant �kk is zero), i.e.

W ¼W "e; l�e; "mð Þ: ð8Þ

Here, the intrinsic material length l enters from dimensional considerations. For
plane-strain deformation, these invariants are given by

"e ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

3
"��"�� �

1

3
"��"��

� �s
; �e ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

3
����

r
; "m ¼ "��: ð9Þ

The microtorsion test (Fleck et al., 1994) and microbend tests (Stolken and Evans,
1998; Haque and Saif, in press) are dominated by plastic deformation since the
strain exceeded 10% or even 50% such that the elastic deformation is negligible. For
a power-law hardening material, the strain energy density W in strain gradient
plasticity takes the form

W ¼
n

nþ 1
�0"0

"


"0

� �nþ1
n

; ð10Þ

where n is the plastic work hardening exponent, �0 is identified as a measure of the
tensile yield stress, "0 ¼ �0=E, E is the Young’s modulus, and "
 is the combined
measure of effective strain "e and effective curvature �e, given by
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"
 ¼ "2e þ l
2�2

e

� �1=2
: ð11Þ

When curvatures become negligible, i.e. l�e�"e, "
 degenerates to the effective
strain "e, and Eq. (10) degenerates to the strain energy density in classical plasticity.

3. Pure bending specimen

The pure bending specimen is studied in this section. The solution also serves as
the basis for the analysis of other microbend test specimens in Sections 4 and 5. Let
x1 be the neutral axis of the beam, and the bending is within the x1–x2 plane. The in-
plane strains and curvatures are "11, "22, "12, �1 and �2. The strain "11 along the axial
direction and the shear strain "12 in pure bending are given by

"11 ¼ 
x2; "12 ¼ 0; ð12Þ

where 
 is the constant curvature of the beam in pure bending. The out-of-plane
width (in the x3 direction) is usually much larger than the thickness (in the x2
direction) of microbend test specimens (Stolken and Evans, 1998; Haque and Saif, in
press) such that the beam is subjected to plane-strain deformation, "33=0. The
incompressibility of plastic deformation and the plane-strain condition "33=0 give
"22=�"11=�
x2. The curvatures in pure bending are obtained from the ��" com-
patibility (5) as

�1 ¼ �
; �2 ¼ 0: ð13Þ

For an incompressible solid, the constitutive law (7) only gives the deviatoric stresses
and couple stresses. The hydrostatic stress has to be determined from equilibrium
equations and vanishing of normal stress traction on the top and bottom surfaces of the
beam. The non-vanishing stress and couple stress in pure bending are given by

�11 ¼
4

3

�0

"1=n0


j j
1�n
n 


4

3
x22 þ

2

3
l2

� �1�n
2n

x2; ð14Þ

and

m1 ¼ �
2

3
l2

�0

"1=n0


j j
1�n
n 


4

3
x22 þ

2

3
l2

� �1�n
2n

: ð15Þ

It can be verified that the stress and couple stress in Eqs. (14) and (15) satisfy
equilibrium Eqs. (1) and (2), boundary conditions (3), and the corresponding strain
and curvature fields in Eqs. (12) and (13) satisfy the compatibility Eqs. (5) and (6).
Therefore, this is an exact solution.
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The bending moment M (per unit width of the beam) can be determined from the
normal stress �11 and couple stress m1,

ðh
2

�h2

�11x2dx2 �

ðh
2

�h2

m1dx2 ¼M; ð16Þ

which yields a power-law relation between the curvature 
 and the bending momentM,

M ¼
�0

"1=n0

I 
j j
1�n
n 
; ð17Þ

where I is the modified moment of inertia to account for the strain gradient effects,
given by

I ¼

ðh
2

�h2

4

3
x22 þ

2

3
l2

� �nþ1
2n

dx2: ð18Þ

It is observed from Eqs. (17) and (18) that the strain gradient effects come into
play only by increasing the modified moment of inertia I. In the limit of h�l (beam
thickness >> the intrinsic material length), the modified moment of inertia degen-
erates to that for classical plasticity,

I0 ¼ I l ¼ 0ð Þ ¼
nffiffiffi

3
p

2nþ 1ð Þ

hffiffiffi
3

p

� �1=n

h2: ð19Þ

The elastic couple stress theory (Toupin, 1962; Koiter, 1964; Mindlin, 1964, 1965)
corresponds to the limit n=1 at which Eqs. (17) and (18) still hold except that the
bending stiffness �0"

�1=n
0 I is replaced by 1

12
E

1��2
h3 þ 2Gl2h, where E, G and � are

Young’s modulus, shear modulus, and Poisson s ratio, respectively. It is evident that
the first term 1

12
E

1��2
h3 represents the conventional elastic bending stiffness (in plane

strain), while the second term 2Gl2h is the contribution from strain gradient effects.
For a rigid-perfectly plastic solid (n=1) with strain gradient effects, the modified
moment of inertia I is given explicitly by

I ¼
h2

2
ffiffiffi
3

p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ

2l2

h2

s
þ
l2ffiffiffi
3

p ln
hffiffiffi
2

p
l
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ

h2

2l2

s0
@

1
A: ð20Þ

The modified moment of inertia I normalized by its counterpart I0 in classical
plasticity is presented versus the ratio of intrinsic material length to beam thickness,
l/h, in Fig. 2 for the plastic work hardening exponent n=5, 10 and 1. The limit
n=1 corresponds to a rigid-perfectly plastic solid, while the limit l/h=0 corre-
sponds to classical plasticity. The ratio I/I0 for the elastic couple stress theory (n=1) is
also presented in Fig. 2 (the Poisson’s ratio �=0.3). It is observed that the modified
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moment of inertia I increases rapidly when the beam thickness h becomes compar-
able to the intrinsic material length l. For h=l and n=10, I is more than three times
larger than I0. Therefore, the strain gradient effects significantly increase the effective
bending stiffness of a microbend test specimen when the beam thickness is on the
order of microns. It is also observed that the curves for n=5 and n=1 in Fig. 2 are
rather close, indicating the dependence of the modified moment of inertia I on the
plastic work hardening exponent n is rather weak so that the analytical expression in
Eq. (20) is a good approximation for the typical range of plastic work hardening
exponent, 54n41.
Fig. 2 is important to the design of a microbend test specimen in order to determine

the intrinsic material length l in strain gradient plasticity. Strain gradient effects appear
only through the modified moment of inertia I in Eq. (18). For strain gradient effects to
be important in bending, the beammust be thin enough such that the modified bending
moment of inertia I is significantly larger than its counterpart I0 in classical plasticity.
For I to be twice I0, the beam thickness h needs to be approximately twice the
intrinsic material length l, which suggests that the beam thickness should be on the
order of 10 microns in order to fully capture the strain gradient effects. This is
indeed on the same order as that used by Stolken and Evans (1998).
The power-law relation (17) between the normalized bending moment,

M= �0"
�1=n
0 h2


 �
, and the normalized curvature, 
h, is shown in Fig. 3 for the plastic

Fig. 2. The modified moment of inertia in strain gradient plasticity normalized by its counterpart in

conventional plasticity, I/I0, versus the ratio of intrinsic material length to beam thickness, l/h, for the

plastic work hardening exponent n=5, 10 and 1, where n=1 corresponds to a perfectly plastic solid.

The ratio I/I0 for n=1 is also presented with the Poissons ratio �=0.3.
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work hardening exponent n=5 and various ratios of intrinsic material length to
beam thickness, l/h. The curve for l/h=0 corresponds to classical plasticity. ThisM-

 relation depends strongly on the beam thickness h when it is on the order of
microns. For example, in Stolken and Evans’ (1998) microbend test of nickel beam,
the beam thickness (12.5 mm) was slightly more than twice the intrinsic material
length (5 mm). For a displacement-controlled bending experiment (given 
), the
bending moment corresponding to l/h=1/2 in Fig. 3 for strain gradient plasticity is
almost twice that for classical plasticity (l/h=0). With the same beam thickness
h=2l, the curvature for strain gradient plasticity in a load-controlled bending
experiment (given M) is only 4.5% of that for classical plasticity, indicating the
deformation is significantly reduced due to strain gradient effects. However, when
the beam thickness becomes ten times the intrinsic material length (h=10l), the
corresponding curve in Fig. 3 is very close to that for classical plasticity (l/h=0), and
the strain gradient effects become insignificant.
For a beam undergoing finite rotation, as observed in aforementioned experiments

(Stolken and Evans, 1998; Haque and Saif, in press), the curvature is related to the
slope � of the deformed beam by


 ¼ �
d�

ds
; ð21Þ

where s is the arc length along the neutral axis of the deformed beam. The constant
curvature in pure bending indicates that the beam is bent to a circle with radius

Fig. 3. The normalized bending moment, M= �0"
�1=n
0 h2


 �
, versus the normalized curvature, 
h, for the

plastic work hardening exponent n=5 and various ratios of intrinsic material length to beam thickness, l/

h, in pure bending. The curve for l/h=0 corresponds to classical plasticity.
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1= 
j j. The lateral deflection (normal to the beam axis x1 in the undeformed config-
uration) for a clamped beam subjected to pure bending M can be found as

� ¼ �
Mj j

�0"
�1=n
0 I

 !�n

1� cos
Mj j

�0"
�1=n
0 I

 !n
s

" #( )
sign Mð Þ; 04 s4L: ð22Þ

The deformed beam is shown in Fig. 4 for various ratios of intrinsic material length to
beam thickness, l/h. The plastic work hardening exponent is n=5, and the bending
moment is chosen at a relatively large value,M= n�0h

2ffiffi
3

p
2nþ1ð Þ

�
hffiffi
3

p
"0L

�1=n
, in order to dis-

play the effect of finite rotation. The curve for l/h=0 corresponds to classical plasticity.
As the beam thickness h decreases to twice the intrinsic material length (Stolken and
Evans, 1998), the lateral deflection at the end of the cantilever beam in Fig. 4 for strain
gradient plasticity is only 3.9% of that for classical plasticity.

4. Cantilever beam

Haque and Saif (in press) developed a microbend cantilever beam subjected to a
concentrated load at the end. This specimen is analyzed in this section. For a cantilever

Fig. 4. The deformed beam in pure bending for various ratios of intrinsic material length to beam thick-

ness, l/h; the plastic work hardening exponent n=5, and the bending momentM ¼ n�0h
2ffiffi

3
p

2nþ1ð Þ

�
hffiffi
3

p
"0L

�1=n
. The

curve for l/h=0 corresponds to classical plasticity.
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beam undergoing finite rotation, the concentrated load at the end is not normal to
the deformed beam axis such that the beam is subjected to combined bending and
stretching. The elongation associated with this axial stretching force is much smaller
than the deformation due to bending and can therefore be neglected. However, this
axial stretching force is important in the equilibrium of the beam. A beam element
with the bending moment M, shear force V and axial force N is shown in Fig. 5.
Force and moment equilibrium give

dM

ds
¼ V;

dV

ds
þN

d�

ds
¼ 0;

dN

ds
� V

d�

ds
¼ 0; ð23Þ

where � is the slope of the deformed beam, and is related to the curvature and
moment via Eqs. (17) and (21) by

d�

ds
¼ � Mj j"1=n0 =�0I


 �n
sign Mð Þ: ð24Þ

Eqs. (23) and (24) constitute the governing equations for M, V, N and �. The
corresponding boundary conditions are obtained from the moment at the free end,
the shear and axial forces and the slope at the clamped end, i.e.

M s ¼ Lð Þ ¼ 0; V s ¼ 0ð Þ ¼ �P;
N s ¼ 0ð Þ ¼ 0; � s ¼ 0ð Þ ¼ 0;

ð25Þ

Fig. 5. A schematic diagram of a beam element subjected to the bending moment M, shear force V and

axial force N. The slope of the beam’s neutral axis is �.
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where L is the initial length of the beam. Eqs. (23) and (24) with the boundary con-
ditions (25) must be solved numerically. Once the slope � is obtained, the lateral
deflection � of the beam is found as

� ¼

ðs
0

sin�ds: ð26Þ

The deformed beam is presented in Fig. 6 for various ratios of intrinsic material
length to beam thickness, l/h. The plastic work hardening exponent is n=5, and the
load is chosen at P= n�0h

2ffiffi
3

p
2nþ1ð ÞL

�
hffiffi
3

p
"0L

�1=n
such that the maximum moment at the

clamped end is the same as the moment as in Fig. 4 for pure bending. As the beam
thickness h decreases to twice the intrinsic material length (Stolken and Evans,
1998), the lateral deflection at the end of the cantilever beam in Fig. 6 for strain
gradient plasticity is only 3.8% of that for classical plasticity, which is very close to
the corresponding estimate of 3.9% for the pure bending specimen (Fig. 4).

5. The microbend test

Stolken and Evans (1998) developed a microbend test in order to determine the
intrinsic material length l of nickel. A schematic diagram of the experimental setup is

Fig. 6. The deformed cantilever beam for various ratios of intrinsic material length to beam thickness, l/h;

the plastic work hardening exponent n=5, and the load P ¼ n�0h
2ffiffi

3
p

2nþ1ð ÞL

�
hffiffi
3

p
"0L

�1=n
. The curve for l/h=0

corresponds to classical plasticity.
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shown in Fig. 7a. A nickel beam is clamped between two tungsten wires and the
beam is bent by the bend dies applied at both ends of the beam. The thickness of the
beam is h=12.5, 25 and 50 mm; the initial half length of the beam is L=3 mm. The
diameter of the tungsten wires isD=0.125, 0.25, 0.5, 1 and 2 mm. The beam undergoes
large plastic deformation, and then complete unloading. The deformation of tungsten
wires is much smaller than the nickel beam such that the tungsten wires are modeled as
rigid wires. As the deformation reaches a critical state, the contact between the nickel
beam and the tungsten wire changes from the point contact to a finite contact zone,
and the contact zone size increases with the loading. In the present study, the

Fig. 7. A schematic diagram of the microbend test. (a) Experimental setup: an ultra-thin nickel beam

clamped between two tungsten wires and bent by the bend dies applied at both ends of the beam. (b)

Modeling: an ultra-thin beam on top of a rigid wire subjected to a lateral load P at the end. The contact

angle is denoted by �.
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microbend test is modeled as a cantilever beam on top of a rigid wire and the beam
is subjected to a lateral load P at the end (Fig. 7b).
The governing Eqs. (23) and (24) still apply outside the contact zone, i.e.

D
2 �4s4L, where D is the diameter of the tungsten wire, � is the contact angle, and
L is the half of the initial length of the beam. The corresponding boundary condi-
tions are imposed at the end of the beam (s=L) and at the end of contact zone
(s=D�/2). The moment at the beam end s=L and the shear and axial forces at the
end of the contact zone s= D

2 � are

M s ¼ Lð Þ ¼ 0; V s ¼
D

2
�

� �
¼ �Pcos�; N s ¼

D

2
�

� �
¼ Psin�: ð27Þ

The slope and curvature of the beam are the same as those of the rigid wire at the
end of contact zone, i.e.

� s ¼
D

2
�

� �
¼ ��; 
 s ¼

D

2
�

� �
¼

2

D
: ð28Þ

The second boundary condition in the above equation can be equivalently written
for the moment at the end of contact zone via the M–
 relation (17) as

M s ¼
D

2
�

� �
¼

�0

"1=n0

I
2

D

� �1=n

: ð29Þ

Eqs. (23) and (24) with the boundary conditions (27) and the first boundary con-
dition in (28) are solved numerically for each given contact angle �. The as-yet-
unknown contact angle � is determined by the extra boundary condition in Eq. (29).
Therefore, for a given load P, an iteration process is necessary to determine the
contact angle �. Once the slope � is obtained, the lateral deflection � of the beam is
given by

� ¼ �
D

2
1� cos�ð Þ þ

ðs
D
2�

sin�ds: ð30Þ

The deformed beam is presented in Fig. 8 for various levels of load P. The mate-
rial properties are Young’s modulus E=207 GPa, Poisson s ratio �=0.312, uniaxial
stress–strain relation �=610 "0.56MPa, and intrinsic material length l=5 mm. The
microbend test specimen has the beam thickness h=12.5 mm, beam length L=3 mm,
and wire diameter D=0.5 mm. The straight line for P=0 corresponds to the initial,
undeformed configuration. The effect of finite rotation of the beam is clearly
observed when the load P (per unit width of the beam) is 0.54 N/m (Newton per
meter). Before the load reaches 9.13 N/m, the beam and the rigid wire retain point
contact, though the beam has been bent severely. As the load P exceeds 9.13 N/m, a
finite contact zone is developed between the beam and the wire, and the contact zone
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size increases with the load. When the load P reaches 10.84 and 17.94 N/m, the
contact lengths are 0.044 and 0.131 mm, respectively, and the corresponding contact
angles are �=10� and �=30�.

6. Discussion

We have analyzed three microbend test specimens with the phenomenological
theory of strain gradient plasticity, namely the pure bending specimen, cantilever
beam in Haque and Saif’s (in press) experiments, and the microbend test specimen
developed by Stolken and Evans (1998). The effect of finite rotation of the beam has
been considered since these microbend tests undergo large deflections (Stolken and
Evans, 1998; Haque and Saif, in press). Strain gradient effects are significant when
the beam thickness becomes comparable to the intrinsic material length l (�4 mm
for copper and 5 mm for nickel) of strain gradient plasticity. When the beam thick-
ness h equals l, the bending stiffness in strain gradient plasticity exceeds three times

Fig. 8. The microbend test of a nickel beam under various levels of loading P; the nickel beam has the

Young’s modulus E=207 GPa, Poisson’s ratio �=0.312, uniaxial stress–strain relation �=610"0.56 MPa,

intrinsic material length l=6 mm, the beam thickness h=12.5 mm, beam length L=3 mm, and the dia-

meter of tungsten wires D=0.5 mm.
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that in classical plasticity such that the deflection estimated by strain gradient plas-
ticity is only a few percent of that in classical plasticity. However, as the beam
thickness increases to 10 times the intrinsic materials, strain gradient effects become
rather small.
The analysis in the present paper serves two purposes. First, such an analysis is

generally necessary for the estimation of the intrinsic material length l in strain gra-
dient plasticity from the microbend tests (e.g. Haque and Saif, in press). Second, the
analysis can help in determining which microbend tests are the most suitable for the
experimental measurement of intrinsic material length l. For example, we have
examined a double cantilever beam (both ends clamped) subjected to a normal
concentrated load P at the center. It is found that the difference in lateral deflection
between classical plasticity (l/h=0) and strain gradient plasticity (l/h=1/2) is rather
small. Even for a very large load P=Eh (E – Young’s modulus, h – beam thickness),
the difference in the lateral deflection at the center is less than 25%, which is much
smaller than that for the pure bending specimen, cantilever beam, and microbend
specimen in Sections 3–5. This is because the axial force N is very large in the double
cantilever beam such that the uniform axial stretch overwhelms the strain gradient
effects in bending. For example, for P=Eh, the axial force N at the clamped ends is
more than 8 times P for l/h=1/2, while the corresponding bending moment at the
clamped ends is only 0.014PL (L – beam length). Therefore, the double cantilever
beam is an unsuitable specimen for measuring the intrinsic material length para-
meter in strain gradient plasticity.
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