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ABSTRACT: A new experimental technique for accelerated fatigue testing has recently been
developed (Du, T.B., Liu, M., Seghi, S., Hsia, K.J., Economy, J. and Shang, J.K. 2001.
‘‘Piezoelectric Actuation of Crack Growth along Polymer–Metal Interfaces in Adhesive
Bonds,’’ Journal of Material Research, 16(10):2885–2892). Using a piezoelectric actuator,
cyclic loading can be applied at frequencies up to 20 kHz, several orders of magnitude higher
than that achieved by a conventional mechanical cyclic loading technique. Moreover, the new
technique using piezoelectric actuators directly addresses the debonding problem in
piezoelectric multilayered smart structures. However, the threshold energy release rate for
interfacial crack propagation, evaluated based on plane strain and linear piezoelectricity
assumptions in (Du, T.B. 2001. ‘‘Durability of Polymer/Metal Interfaces under Cyclic
Loading,’’ PhD Thesis, University of Illinois at Urbana-Champaign, Urbana, IL, May), seems
to be almost an order of magnitude lower than that measured by the conventional mechanical
cyclic loading. In this article, we investigate the origin of such discrepancies, and find that the
driving force provided by piezoelectric actuator is intrinsically three-dimensional in nature. To
account for this effect, we develop both a plane strain model and a modified plane strain
analytical model that takes into account the effects in the third dimension to evaluate the
energy release rate. The results show that the plane strain solution underestimates the driving
force. We also study the effect of nonlinear piezoelectricity on crack driving forces by
performing detailed finite element simulations. The results show that the nonlinear
piezoelectric effect is another important factor that contributes to the discrepancy between
the results from the piezoelectric loading and that from the conventional mechanical loading.

Key Words: interfacial crack, piezoelectric bender, cyclic fatigue, finite element analysis,

nonlinear piezoelectricity.

INTRODUCTION

P
IEZOELECTRIC ceramics are widely used as mechan-
ical actuators/sensors and in smart structures

(Uchino, 1989, 1996). These structures aremostly bonded
with adhesives, and are used under cyclic mechanical/
electric loading. Interfacial fatigue crack propagation is
often observed in these structures (Winzer et al., 1989;
Furuta and Uchino, 1993; Kim and Jones, 1996).
Therefore, interfacial fracture in adhesively bonded
smart structures presents an important concern in multi-
layered devices. A better understanding of the coupled
electromechanical failure mechanisms becomes critical
for successful applications of piezoelectric materials in
engineering structures.

On the other hand, polymer–metal interfaces are very
common in applications ranging from aerospace and
automobile structures to electronic devices. These multi-
layered structures often experience fluctuating loading
conditions and may fail because of debonding due to
fatigue crack growth. In order to increase interface
durability, understanding of the failure mechanisms is
essential. In the past, fatigue tests have been typically
performed using mechanical actuators. However, the
cyclic loading frequency of mechanical actuation sys-
tems can rarely go beyond 100Hz. Although certain
ultrasonic fatigue techniques can apply loading up to
20 kHz (Mason, 1950), they are not applicable to inter-
facial fatigue crack growth testing due to the reflection
of ultrasonic stress waves at the interface. Therefore,
new accelerated techniques for testing of interfacial
fatigue are required to shorten the testing time needed
for high-cycle fatigue experiments. Furthermore, a new
technique capable of ultrahigh-frequency loading is the*Author to whom correspondence should be addressed.
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only way to conduct ultra high-cycle fatigue testing
(109 cycles and greater).
Fatigue failure in adhesively bonded smart structures

limits the durability of these structures. On the other
hand, such a failure mode presents a possible method
for high-frequency interfacial fatigue testing. Inspired by
this observation, we developed a new interfacial fatigue
testing technique for polymer–metal systems (Du et al.,
2001). Using a piezoelectric actuator, we can apply
cyclic loading at frequencies up to 20 kHz, several orders
of magnitude higher than the conventional testing
techniques.
Unfortunately, the driving forces evaluated based

on plane strain conditions and linear piezoelectricity
models appear to be almost an order of magnitude lower
than the real loading at the crack tip (Du, 2001).
The difference could be due to the inherent three-
dimensional (3D) loading conditions and/or the non-
linear piezoelectric effects at high electric fields. In this
article, the above issues are investigated in detail and the
difference in the driving forces is explained.

GOVERNING EQUATIONS

Most poled piezoelectric ceramics exhibit transversely
isotropic elastic behavior with hexagonal symmetry
(Pak, 1992). With x3 as the poling direction and the
x1–x2 plane as the isotropic plane, the constitutive
equations for such piezoelectric materials can be
written as:

r ¼ CEe� eTE,

D ¼ e"þ �"E,
ð1Þ

where the superscript T stands for the transpose of
a vector or a matrix and r¼f�11 �22 �33 �32 �31 �12 g

T,
e¼f"11 "22 "33 2"32 2"31 2"12 g

T, D¼fD1 D2 D3 g
T,

and E¼fE1 E2 E3 g
T are the stress, strain, electric

displacement, and electric field vectors, respectively.
CE ,e, and �" denote the stiffness matrix measured at zero
electric field, the piezoelectric stress constant matrix,
and the dielectric constant matrix measured at zero
strain, respectively. They can be written in the matrix
form as:

C
�EE
¼

CE
11 CE

12 CE
13 0 0 0

CE
12 CE

11 CE
13 0 0 0

CE
13 CE

13 CE
33 0 0 0

0 0 0 CE
44 0 0

0 0 0 0 CE
44 0

0 0 0 0 0 1
2
CE

11 � CE
12

� �

8>>>>>>>>>><
>>>>>>>>>>:

9>>>>>>>>>>=
>>>>>>>>>>;

,

ð1aÞ

e ¼

0 0 0 0 e15 0

0 0 0 e15 0 0

e31 e31 e33 0 0 0

8>><
>>:

9>>=
>>;
,

�" ¼

�"11 0 0

0 �"11 0

0 0 �"33

8>>><
>>>:

9>>>=
>>>;
: ð1b,cÞ

Inverting Equation (1), the constitutive equations can
also be expressed as:

e ¼ SErþ dTE,

D ¼ d� þ ��E,
ð2Þ

where SE , d, and �� denote the compliance matrix
measured at zero electric field, the piezoelectric strain
constant matrix, and dielectric constant matrix mea-
sured at zero stress, respectively. They are related to
CE , e, and �" as follows:

SE
¼ CE

� ��1
, d ¼ eSE , �� ¼ �" þ edT: ð3Þ

The nonzero components of the piezoelectric strain
constant matrix d are

d ¼

0 0 0 0 d15 0
0 0 0 d15 0 0
d31 d31 d33 0 0 0

8<
:

9=
;

T

: ð3aÞ

The strain–displacement and the electric field–electric
potential relations can be written as:

"jk ¼
1

2

@uj
@xk

þ
@uk
@xj

� �
, Ej ¼ �

@’

@xj
, j, k ¼ 1, 2, 3ð Þ, ð4Þ

where uj and ’ are the displacement components and
electric potential, respectively.

If there is no body force or body charge, the equili-
brium and the charge conservation equations are
given by:

�jk, k ¼ 0, Dj, j ¼ 0, j, k ¼ 1, 2, 3ð Þ: ð5Þ

STEADY-STATE CRACK PROPAGATION

In this article, an adhesive–aluminum interface is
studied. Figure 1 shows a schematic drawing of the
setup for accelerated fatigue testing (Du et al., 2001),
where hp, he, and ha are the thickness of PZT, adhesive,
and aluminum layer, respectively, w is the width of
all layers, and a is the length of an edge crack, c and C
are the half length of PZT actuator and aluminum
substrate, respectively. The poling direction of the
piezoelectric actuator is along the positive y-axis. An
electric potential drop V is applied through electrodes
on the top and bottom of the PZT actuator.
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The finite element (FEM) software package
ABAQUS (Version 5.8) is used to calculate the stresses
near the crack tip. In the FEM calculations, plane strain
condition is considered. The stress intensity factors
are calculated from the stress distributions ahead of the
crack tip. In our calculations, c is taken to be 22mm, C
and ha are assumed to be 44 and 12.5mm, respectively.
We conducted a parametric study for different values of
a, hp, and he to evaluate their effects on crack driving
forces. The material constants are given in Table 1.
Because of the symmetric loading conditions and the
symmetric geometry, only half the structure needs to be
considered in the FEM model.
Figure 2 shows a particular mesh used in the calcula-

tion, where hp¼ 0.375mm, he¼ 0.3mm, and a¼ 6.6mm
(a/c¼ 0.3). Figure 2(a) shows the entire FEM model of
the multiplayer system, in which about 9000 four-node
elements are used. Figure 2(b) shows the mesh near the
crack tip. Piezoelectric elements that have an extra
degree of freedom of electric potential are used for the
PZT layer, and standard elastic elements are used for
the adhesive and aluminum layer.

Since the crack is located between the adhesive layer
and aluminum substrate, it has an oscillatory singularity
at crack tip (Rice, 1988),

�yyðr, 0Þ ¼
1ffiffiffiffiffiffiffiffi
2�r

p Re K1 þ iK2ð Þri�
� �

,

�xyðr, 0Þ ¼
1ffiffiffiffiffiffiffiffi
2�r

p Im K1 þ iK2ð Þri�
� �

:

ð6Þ

We can define equivalent Mode I and Mode II stress
intensity factors, KI and KII, respectively, as:

KIðrÞ ¼ K1 cosð� ln rÞ � K2 sinð� ln rÞ,

KIIðrÞ ¼ �
1

g0
K1 sinð� ln rÞ þ K2 cosð� ln rÞ½ �: ð7Þ

It clearly shows that, in Equation (7), KI(r) and KII(r)
for the interfacial crack are not constants. For nonzero
�, they depend on the distance r from the crack tip.
On the other hand, since the material mismatch constant
� is usually very small (Rice, 1988; Liu and Hsia, 2003a),
KI(r) and KII(r) are only weakly dependent on r. Thus
over a fairly wide range of r (which could be the whole

Table 1. Material properties.

PZT
CE

11 ¼ 13:8� 1010 Pa, CE
33 ¼ 12:9� 1010 Pa,

CE
12 ¼ 8:83� 1010 Pa, CE

13 ¼ 9:39� 1010 Pa, CE
44 ¼ 2:45� 1010 Pa,

e31 ¼ 1:02 C=m2, e33 ¼ 30:7 C=m2, e15 ¼ 14:0 C=m2;

�"11 ¼ 151� 10�10 C=ðVmÞ, �"33 ¼ 130� 10�10 C=ðVmÞ:

Adhesive (Young’s modulus) Ee¼2.25GPa, (Poisson’s ratio) �e¼ 0.4.

Aluminum (Young’s modulus) Ea¼62.1GPa, (Poisson’s ratio) �a¼0.33.

Aluminum Epoxy PZT

hp
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2c

2C

w
a
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Crack Crack

Figure 1. The accelerated fatigue testing system: (a) front view and (b) side view.
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K-dominant region), the values of KI(r) and KII(r) are
approximately constant under a given far-field loading.
Therefore, the stress intensity factors for interfacial
cracks can still be calculated as:

KI ¼
ffiffiffiffiffiffiffiffi
2�r

p
�yy ðr, 0Þ r¼r̂rj , KII ¼

ffiffiffiffiffiffiffiffi
2�r

p
�xy r, 0ð Þ r¼r̂rj , ð8Þ

where r̂r is an arbitrary position within the K-dominant
region. As suggested by Rice (1988), we take r̂r as 0.02he
(0.02hp when he¼ 0) in the following calculations.
Due to mode coupling, the fracture toughness also

depends on the mode mixity. Mode mixity is defined by
the phase angle

� ¼ arctan
KII

KI

� �
r¼r̂r

ð9Þ

The FEM result in Figure 3 shows how KI, KII, and �
vary with crack length for hp¼ 0.375mm, he¼ 0.3mm,
and E0¼V/hp¼ 8 kV/cm. It is noted that, as the crack
propagates, both KI and KII increase as the crack length
increases for very small cracks (small a/c), and decrease
rapidly when the crack is long (a/c� 1). For a wide
range of crack length (�70% of the total growth length),
KI and KII are almost constant. Therefore, under cyclic
electric potential loading, the crack propagation is
expected to reach a steady state as the crack moves
out of the edge zone. Such phenomenon has been found
in some laminated structures (O’Brien, 1984; Suo, 1989;
Thouless et al., 1989; Hutchinson and Suo, 1992). The
dependence of mode mixity on crack length is similar to
that of the stress intensity factors, and has an even wider

constant region. However, as the crack approaches the
end, the phase angle increases sharply.

Figure 4 shows the effect of the thickness of PZT
layer on the stress intensity factors and mode mixity.
The calculation is conducted for a/c¼ 0.3, he¼ 0.3mm,
and E0¼ 8 kV/cm. The results show that both KI and KII

increase as the PZT layer becomes thicker. In addition,
a thicker PZT layer results in a larger phase angle.

Figure 5 shows the effect of the thickness of adhesive
layer. As the thickness of adhesive layer increases, the
Mode II stress intensity decreases, while the Mode I
stress intensity increases. Normally, the fracture tough-
ness is lower under Mode I loading than that under
Mode II loading. Therefore, a thicker adhesive layer
can reduce the apparent interface toughness. The results
are for a/c¼ 0.3, E0¼ 8 kV/cm, and hp¼ 0.375mm.

ENERGY RELEASE RATE UNDER

PLANE STRAIN ASSUMPTION

Basic Equations

Griffith energy release rate that provides the driving
force for crack propagation in ferroelectric ceramics was

(a)

(b)
Figure 2. Finite element mesh: (a) overview and (b) local mesh near
the crack tip.
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Figure 4. Stress intensity factors and mode mixity vs thickness of
PZT actuator.
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Figure 3. Stress intensity factors and mode mixity vs crack length.

560 K. J. HSIA ET AL.



analyzed by Suo (1991). Under an applied mechanical
force and electric voltage, the energy release rate, G, can
be calculated as:

G ¼ �
@�

@A

� �
F ,V

¼
@U

@A

� �
F ,V

, ð10Þ

where A is the crack area, F is the applied force and
V the applied electric potential. Denoting � and Q
as the energy conjugate displacement and electric
charge, respectively, the functions U(�, Q, A) and �
(F, V, A) are the total energy and potential energy,
respectively.
When the steady-state crack propagation is achieved,

the energy release rate is independent of the crack
length. If the total energy per unit length (x-direction)
per unit width (z-direction) of the specimen in the region
far behind the crack tip is Ub, and that far ahead of
the crack tip is Ua, the steady-state energy release rate
can be easily calculated as:

G ¼ Ub �Ua: ð11Þ

The Region Far Ahead of Crack Tip

Since the thickness of the PZT and adhesive layers
is significantly smaller than the aluminum substrate, the
region far ahead of the crack tip can be simplified
as an infinitely large PZT plate attached to an infinite
substrate. Under such an assumption, the bending
deformation generated by the applied electric potential
on the PZT layer can be neglected. Therefore, the
in-plane deformation of the entire multilayer structure
should vanish. As a result, the deformation and electric
potential in the PZT layer should be functions of y only,
given as,

upx x, y, zð Þ ¼ upz x, y, zð Þ ¼ 0, ’p y ¼ 0ð Þ ¼ 0,

upy x, y, zð Þ ¼ upyðyÞ, and ’p y ¼ hp
� �

¼ V,

’p x, y, zð Þ ¼ ’pðyÞ, upy y ¼ 0ð Þ ¼ 0:

ð12Þ

substituting the above equations into the equilibrium
equations, one can obtain the solution as:

’p yð Þ ¼
V

hp
y, upy yð Þ ¼ �

e33

CE
33

V

hp
y: ð13Þ

The Region Far Behind of Crack Tip

When the crack is long enough a � hp þ he
� �

, the
region far behind the crack tip can be simplified as a
piezoelectric bender (Xu et al., 1996; Wang et al., 1999)
i.e., a bimaterial strip of PZT and adhesive layers as
shown in Figure 6(a). Standard beam theory (Crawley
and Anderson, 1990; Smits and Choi, 1991) incorporat-
ing piezoelectric coupling can be used to evaluate the
stress and strain in the piezoelectric bender.

The standard beam solution is commonly obtained
under plane stress conditions in the x–y plane. Figure
6(b) shows the cross section of a standard piezoelectric
bender, and the height-to-width ratio is usually very
small, h=w � 1 (Wang et al., 1999). In our tests, h/w
<0.05 (Du, 2001; Du et al., 2001). Therefore, a plane
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h 

a w 

a  >> h w >> h
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ϕ = 0 
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lin
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(a) (b)
Figure 6. Piezoelectric bender: (a) front view and (b) side view.
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strain condition is more appropriate for a beam theory
solution.
Since the applied electric potential is uniform

along the x-direction, it follows that the stress, strain,
electric field, and electric displacement should be uni-
form in the x-direction, and the x-component of the
electric field is zero. Therefore, the displacement and
electric potential in the PZT and elastic layer should
have the form

upx x, yð Þ ¼ xtpðyÞ, uex x, yð Þ ¼ xteðyÞ,

upyðx, yÞ ¼ f pðyÞ þ gpðxÞ ueyðx, yÞ ¼ f eðyÞ þ geðxÞ,

’ p x, yð Þ ¼ ’ pðyÞ, ’eðx, yÞ ¼ 0,

ð14Þ

where the superscripts p and e stand for quantities
in PZT and adhesive materials, respectively. Under the
plane strain condition, upz ¼ uez ¼ 0. The functions
t(y), f(y), ’(y), and g(x) are functions of y or x to be
determined by the governing equations and boundary
conditions. The boundary conditions are given as:

�p
xy y ¼ hp
� �

¼ �p
yy y ¼ hp
� �

¼ 0, �e
xy y ¼ �heð Þ

¼ �e
yy y ¼ �heð Þ ¼ 0, upx x ¼ y ¼ 0ð Þ ¼ uex x ¼ y ¼ 0ð Þ

¼ upy x ¼ y ¼ 0ð Þ ¼ uey x ¼ y ¼ 0ð Þ ¼ 0,

upx y ¼ 0ð Þ ¼ uex y ¼ 0ð Þ, upy y ¼ 0ð Þ ¼ uey y ¼ 0ð Þ, ð15Þ

’p y ¼ 0ð Þ ¼ 0, ’p y ¼ hp
� �

¼ V ,

Fx ¼

Z 0

�he

�e
xx dyþ

Z hp

0

�p
xx dy ¼ 0,

Mz ¼

Z 0

�he

�e
xxy dyþ

Z hp

0

�p
xxy dy ¼ 0,

where Fx and Mz are the total force along the
x-direction and bending moment along z-axis on any
cross-sectional area, respectively, and V is the applied
potential on the top surface.
Substituting Equation (14) into Equations (2)–(4), and

making use of the boundary conditions in Equation (15),
we can derive the solution as:

upxðx, yÞ ¼ x a0yþ a1ð Þ, uex ¼ x a0yþ a1ð Þ,

upyðxÞ ¼ �
a0

2
x2 þ

�

2
a0y

2 þ a2y,

uey ¼ �
a0

2
x2 �

C12

C11

a0

2
y2 �

C12

C11
a1y,

’pðyÞ ¼
�

2
a0y

2 �
1

e33
CE

33a2 þ CE
32a1

� �
y,

ð16Þ

where

� ¼ �
e32 þ �"33 C

E
32=e33

� �
e33 þ �"33C

E
33=e33

� � , � ¼ �
1

e33
CE

33�þ CE
32

� �
:

ð17Þ

The three coefficients a0, a1, and a2 can be determined
by the conditions

�

2
h2pa0 �

CE
32

e33
hpa1 �

CE
33

e33
hpa2 ¼ V ,

Fx ¼
1

2
h2p CE

11 þ CE
13�þ e32�

� �
� h2e C11 �

C2
12

C11

� �� 	
a0

þ hp CE
11 �

CE
13e32

e33

� �
þ he C11 �

C2
12

C11

� �� 	
a1

þ hp CE
13 �

CE
33e32

e33

� �� 	
a2 ¼ 0,

Mx ¼
1

3
h3p CE

11 þ CE
13�þ e32�

� �
þ h3e C11 �

C2
12

C11

� �� 	
a0

þ
1

2
h2p CE

11 �
CE

13e32

e33

� �
� h2e C11 �

C2
12

C11

� �� 	
a1

þ
1

2
h2p CE

13 �
CE

33e32

e33

� �
a2 ¼ 0:

ð18Þ

In the above equations, C11 and C12 are the stiffness
of the adhesive. Once the displacement and electric
potential are found, the strain, stress, and electric
field, etc., can be obtained from the constitutive
equations.

Energy Release Rate under Plane Strain Assumption

The total energy Ua and Ub can be calculated as:

Ua ¼

Z hp

0

U
p
0 dy, ð19Þ

Ub ¼

Z 0

�he

Ue
0 dyþ

Z hp

0

U
p
0 dy, ð20Þ

where U
p
0 and Ue

0 are the energy density in PZT and
elastic materials, respectively,

U
p
0 ¼ 1

2
�ij"ij þ

1
2
EiDi, Ue

0 ¼
1
2
�ij"ij , ði, j ¼ x, y, zÞ

ð21Þ

The energy release rate can then be calculated using
Equations (11), (13), (16)–(21). It should be noted that
the energy release rate predicted by this model is
independent of the properties of the substrate.

The results of the energy release rate evaluated with
the plane strain beam theory are listed in Table 2 for
six different cases. It is noted that the first three cases
explore the effect of different specimen geometries,
whereas the last three cases investigate the effect of
material property variations.

Along with the analytical solution, Table 2 also shows
results from numerical calculations using the finite
element method as described in the section ‘‘Steady
State Crack Propagation’’. To evaluate the energy
release rate numerically, two different methods are
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used. Once the stress and displacement distribution in
the vicinity of the crack tip is obtained using the finite
element method, the energy release rate can be
calculated either by the crack closure method or by
the relationship between energy release rate and stress
intensity factors.
The crack closure energy is the energy needed to close

the crack and can be calculated as (Irwin, 1960):

G ¼ lim
	!0

1

2	

Z 	

0

�

ðr, 0Þ�uyð	� r,�Þdr

þ lim
	!0

1

2	

Z 	

0

�r
ðr, 0Þ�uxð	� r,�Þdr, ð22Þ

where �ux and �uy are the relative displacements
between the top and bottom crack surfaces along the
x- and y-directions, respectively. In finite element
analysis, the above formula can be simplified with a
modified crack closure method (Rybicki and Kanninen,
1977; Jih and Sun, 1990; Park and Sun, 1995).
Other than the crack closure method, under plane

strain conditions, the energy release rate can be
calculated from the stress intensity factors (Malyshev
and Salganik, 1965), as

G ¼
1� �2

2

1

Ee þ Ea

� �
K2

I þ K2
II

� �
,

� ¼
1

2

�eð1� 2�aÞ � �að1� 2�eÞ

�eð1� �aÞ þ �að1� �eÞ
,

ð23Þ

where �e and �a are the shear modulus of the adhesive
and aluminum, respectively.
The results in Table 2 show that the analytical and

numerical solutions agree with each other very well
except for case 5, where the adhesive layer becomes
too weak to provide sufficient load transfer between
the PZT layer and the aluminum substrate. Therefore,
the deformation of the PZT and adhesive layers
can no longer be neglected. The numerical results
also show that the stiffness of the aluminum substrate
almost has no effect on the energy release rate, which
is consistent with the assumption in the analytical
model.

ENERGY RELEASE RATE BY CONSIDERING

THE FINITE WIDTH EFFECT

It is noted that both the numerical results in the
section ‘‘Steady-State Crack Propagation’’ and the ana-
lytical results in the section ‘‘Energy Release Rate
under Plane Strain Assumption’’ are obtained under the
plane strain assumption. Such a condition would be
satisfied only if the component is very wide i.e., when
a=w � 1. However, in many realistic structures with
piezoelectric actuators such as those used in our experi-
ments (Du et al., 2001), the PZT actuator is more like
a plate. Therefore, the plane strain assumption is ques-
tionable since the structure is actually under bending in
both the x- and z-directions. To take into account the
bending in the out-of-plane direction (z-direction in
Figure 1), plate theory should be used. We modified the
solution in the above section by adding several terms to
the displacement components. If the bending moments
in the x- and z-directions are not coupled, the
displacement and potential should have the form

upx x, y, zð Þ ¼ xtpð yÞ uex x, y, zð Þ ¼ xteð yÞ

upz x, y, zð Þ ¼ zqpð yÞ uez x, y, zð Þ ¼ zqeð yÞ

upyðx, y, zÞ ¼ f pð yÞ þ gpðxÞ þ kp zð Þ,

ueyðx, y, zÞ ¼ f eð yÞ þ geðxÞ þ ke zð Þ,

’ p x, y, zð Þ ¼ ’ pð yÞ ’e x, y, zð Þ ¼ 0

ð24Þ

where q( y) and k(z) are unknown functions to be
determined. We also need additional boundary con-
ditions to take into account the out-of-plane bending
effect,

�p
yz y ¼ hp
� �

¼ 0, �e
yz y ¼ �heð Þ ¼ 0,

upz x ¼ y ¼ z ¼ 0ð Þ ¼ uez x ¼ y ¼ z ¼ 0ð Þ ¼ 0,

upz y ¼ 0ð Þ ¼ uez y ¼ 0ð Þ,

Fz ¼

Z 0

�he

�e
zz dyþ

Z hp

0

�p
zz dy ¼ 0,

Mz ¼

Z 0

�he

�e
zzy dyþ

Z hp

0

�p
zzy dy ¼ 0:

ð25Þ

Table 2. Evaluated energy release rate for different geometries and materials properties.

Materials properties

Energy release rate (J/m2)

Geometry (mm)

Plane strain solution

Numerical solution

hp he a Crack closure SIF approach

Case 1 0.375 0.3 6.6 as in Table 1 0.76 0.76 0.73
Case 2 0.25 0.3 6.6 as in Table 1 0.51 0.51 0.48
Case 3 0.375 0.1 6.6 as in Table 1 0.78 0.78 0.74
Case 4 0.375 0.3 6.6 Table 1, except Ee¼22.5GPa 0.71 0.71 0.69
Case 5 0.375 0.3 6.6 Table 1, except Ee¼0.225GPa 0.78 0.65 0.62
Case 6 0.375 0.3 6.6 Table 1, except Ea¼621GPa 0.76 0.77 0.75
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The solutions can then be obtained using the same
procedures as those in the section ‘‘The Region for
Behind of Crack Tip’’.
Figure 7 shows the relationship between the energy

release rate and the applied electric field. In evaluating
the results, we take hp¼ 0.375mm and he¼ 0.3mm. The
results indicate that under plane strain assumption,
the energy release rate is underestimated. Due to the
bending deformation in the out-of-plane direction,
the actual energy release rate is larger than that from
the plane strain solution given in the section ‘‘Energy
Release Rate under Plain Strain Assumption’’. The
curve shown in Figure 7 follows a parabolic function
of the electric potential, which can be fitted as:

G ¼ G0
V

hp

� �2

ð26Þ

where G0¼ 1.19� 10�12 Jm2/V2 for plane strain solu-
tion, and G0¼ 1.85� 10�12 Jm2/V2 for the modified
plane strain solution. It is noted that the value from the
modified plane strain solution is about 1.6 times that
from the plane strain solution.
Figures 8 and 9 show the energy release rate as a

function of the thickness of the PZT or the adhesive
layer, respectively. In Figure 8, the values he¼ 0.3mm
and E0¼ 8 kV/cm are used; and in Figure 9, hp¼
0.375mm and E0¼ 8 kV/cm are considered. The result
in Figure 8 shows that the energy release rate is almost
proportional to the thickness of the PZT layer. Figure 9
shows that the energy release rate is nearly independent
of the thickness of the adhesive layer, although the
adhesive layer affects the mode mixity greatly (Figure 5).

PIEZOELECTRIC CONSTANTS

AND DRIVING FORCES

Other than the geometry of the component and
the loading amplitude, the properties of the material,

especially the piezoelectric constants have significant
effects on the stress distribution. It should be pointed
out that the piezoelectric constants vary profoundly
among different piezoelectric materials. Therefore, by
understanding the effects of the material constants on
the stress intensity factors, one can choose the appro-
priate piezoelectric actuators for specific applications.
Furthermore, the piezoelectric materials are inherently
nonlinear. It is believed that the piezoelectric constants
usually increase as the magnitude of the applied electric
field increases (Kugel and Cross, 1998; Wang et al.,
1998; Perrin et al., 2000; Hall, 2001). The nonlinearity is
associated with non-180� domain switching and phase
change (Liu and Hsia, 2003b; Liu et al., 2005). It is thus
necessary to study the variation of the crack driving
forces in terms of the material constants.

Figure 10 shows the effect of the piezoelectric
constant, d31, on the stress intensity factors and energy
release rate for a layered structure shown in Figure 1.
The results here are obtained using the finite element
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method. The results are normalized by the correspond-
ing values evaluated using the material constants listed
in Table 1. Figure 10 shows that both KI and KII are
proportional to d31, and G is proportional to d 2

31. Since
the crack driving force is mainly generated by the
electric field-induced strain within the plane of the PZT
actuator, the driving force is almost independent of d33.
Figure 11 shows the effects of PZT’s stiffness constants

on the stress intensity factors and energy release rate. It
shows that, as the stiffness of the piezoelectric actuator
increases, the crack driving force decreases. The above
results are calculated for he¼ 0mm (no adhesive layer),
hp¼ 0.375mm, a/c¼ 0.3, and E0¼ 8 kV/cm; the do

31,
CEo

11 , and CEo
33 are material constants from Table 1.

The piezoelectric constants published are usually mea-
sured at very low electric field. However, at the electric
field levels subjected by most piezoelectric actuators,
the piezoelectric constants d31 and d33 could be as high
as 1.5�2 times those of the published values (Kugel and
Cross, 1998; Wang et al., 1998). Based on our calcula-
tions, such an increase in the piezoelectric constants will
increase the energy release rate by a factor of 2.25–4.

Commercially available PZT materials can be divided
into two categories. One is called hard PZT, such
as PZT-4 and PZT-8, the other is soft PZT, such as
PZT-5H and PZT-5A. A hard PZT material normally
has higher stiffness and lower piezoelectric coefficients
compared with a soft PZT. Therefore, a soft PZT
material is preferred for applications as actuators.
However, a soft PZT material has a larger hysteresis
loop and generates more heat than a hard PZT material
does under cyclic electric fields. As a result, a cooling
system is often required for high frequency loading.
Recently, new piezoelectric ceramics such as PMN-PT
and PZN-PT have been developed. They have much
larger piezoelectric coefficients than traditional PZT
materials. Therefore, they could be good candidates for
applications such as piezoelectric actuators providing
cyclic mechanical loading if higher driving forces
are needed.

In our experimental paper (Du et al., 2001), the
energy release rate was calculated based on plane strain
assumption and linear piezoelectricity model. It was
found that, under piezoelectric loading, the driving force
needed for fatigue crack growth was almost an order of
magnitude lower than that under conventional mechan-
ical cyclic loading. Our current results show that, by
considering the finite width effects, the energy release
rate increases by a factor of �1.6. The nonlinear piezo-
electric effect can increase the energy release rate by a
factor of 4. The combined effect of these factors can
account for the discrepancy of the crack driving forces
between piezoelectric loading and the mechanical
loading results.

CONCLUSIONS

We have successfully developed a new accelerated
fatigue testing technique for adhesive–metal interfaces
using piezoelectric actuators, which is capable of
applying loading at frequencies up to 20 kHz. Since
this new technique employs a structure similar to many
structures in smart devices, it can be used to directly
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address the debonding problem in multilayered smart
structures and devices.
Detailed finite element analyses of the crack driving

forces have been conducted. The results show that this
new technique can generate steady-state crack propaga-
tion. The crack driving force is almost constant during
crack growth. The results also show that a thicker adhe-
sive layer results in more Mode I stresses and therefore
may give rise to lower apparent interface strength.
More importantly, we developed both plane strain

and modified plane strain analytical solutions to the
energy release rate. We found that the loading provided
by the piezoelectric actuator is intrinsically 3D in nature.
Therefore the solutions under plane strain condition
underestimate the crack driving force.
Further, we found that the stress intensity factors are

proportional to the piezoelectric constants, and the
energy release rate is proportional to the square of
the piezoelectric constants. Therefore, a soft PZT mate-
rial that has smaller stiffness and larger piezoelectric
properties can provide larger driving forces.
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