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Fracture Simulation Using an
Elasto-Viscoplastic Virtual
Internal Bond Model With Finite
Elements
A virtual internal bond (VIB) model for isotropic materials has been recently propose
Gao (Gao, H., 1997, ‘‘Elastic Waves in a Hyperelastic Solid Near its Plane Strain Equ
axial Cohesive Limit,’’ Philos. Mag. Lett.76, pp. 307–314) and Gao and Klein (Gao, H.
and Klein, P., 1998, ‘‘Numerical Simulation of Crack Growth in an Isotropic Solid W
Randomized Internal Cohesive Bonds,’’ J. Mech. Phys. Solids46(2), pp. 187–218), in
order to describe material deformation and fracture under both static and dynamic l
ing situations. This is made possible by incorporating a cohesive type law of intera
among particles at the atomistic level into a hyperelastic framework at the contin
level. The finite element implementation of the hyperelastic VIB model in an ex
integration framework has also been successfully described in an earlier work by
authors. This paper extends the isotropic hyperelastic VIB model to ductile materia
incorporating rate effects and hardening behavior of the material into a finite deforma
framework. The hyperelastic VIB model is formulated in the intermediate configuratio
the multiplicative decomposition of the deformation gradient framework. The results
taining to the deformation, stress-strain behavior, loading rate effects, and the mat
hardening behavior are studied for a plate with a hole problem. Comparisons are
made with the corresponding hyperelastic VIB model behavior.
@DOI: 10.1115/1.1796451#
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1 Introduction
It is well established that plastic deformation takes place

regions of high stress concentrations and that fracture at the c
tip is preceded by some degree of plastic deformation. To be m
realistic the numerical simulations of crack initiation, propagati
and branching must, therefore, include the elastoplastic beha
of the material. Among the finite-element-based numerical m
els, which are becoming widely accepted, is the cohesive sur
modeling of fracture. Many researchers, including Barenblatt@1#,
Dugdale@2#, Willis @3#, Xia and Shih@4#, and Xu and Needleman
@5#, to mention a few, have worked on propagating and advanc
this methodology. The fundamental basis of these models lie
defining discrete cohesive surfaces in which the traction and s
ration at the boundaries are described by nonlinear cohesive l
These models do not require any separate fracture criterion. H
ever, these surfaces, which lie in between element bounda
must be defined a priori, and separate cohesive elements mu
introduced in between boundaries of the regular finite elemen

In contrast to the approach described above, Gao@6,7# and Gao
and Klein @8# proposed an approach called the Virtual Intern
Bond ~VIB ! model, wherein theconstitutive modeldirectly incor-
porates a cohesive-type law. In the VIB approach, the continuum
is treated as a random network of material points, interconne
by bonds, which obeys a cohesive law. The bonds are physic
described by a bond energyU( l ), wherel is the bond length, and
its derivative with respect to the bond lengthU8( l ) is the cohesive
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bond force. By describing this bond energy in a hyperelas
framework of finite deformation, the appropriate stress and st
measures, such as the Green-Lagrange strain tensor and the
ond Piola-Kirchoff stress tensor, can be derived. The macrosc
description of the continuum is determined by the Cauchy-B
rule @9# of crystal elasticity, by equating the macroscopic stra
energy function at the continuum level to the potential ene
stored in the cohesive bonds at the microscale. The descriptio
the bond lengthl in terms of the Green-Lagrange strain tens
provides the link between the two scales.

Klein and Gao@10# have described the application of the VI
model~based on the hyperelastic framework! to fracture initiation
and propagation and have further studied the crack dynamics
ing this model. An implicit second-order integration scheme w
used to simulate quasi-static and dynamic loading proble
Zhang et al.@11# implemented this model, using an implicit inte
gration scheme, in a UMAT subroutine in ABAQUS@12#. The
softening region of the cohesive models presents a major is
with the numerical implementation, using implicit integratio
schemes. Thiagarajan et al.@13# found that the explicit integration
scheme is better suited for the finite element~FE! implementation
of the VIB model. The model was implemented using the u
subroutine VUMAT in ABAQUS. The influence of mesh shap
and size, loading rate, and other related issues were studie
both quasi-static and dynamic impact loading cases@13#. The ex-
perimental verification and validation of the VIB model was stu
ied for the case of dynamic fragmentation of brittle materials u
der impact loading by Thiagarajan et al.@14#.

The work presented here stems from the previous work by
authors and is motivated by the observation that it is necessa
incorporate plastic deformation in regions of high stress conc
trations. There are two basic approaches of incorporating pla
ity into the VIB model. One is at the atomistic level by the co
sideration of individual dislocations~millions of them! and other
microstructural features. This method is numerically daunt
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even with the current level of supercomputers. The second
proach, which is adopted in this research, is to incorporate p
ticity and/or viscoplasticity at the continuum level by using we
established plasticity and viscoplasticity models.

The incorporation of viscoplastic effects into the VIB model
done within the framework of the multiplicative decomposition
the deformation gradientF5FeFp proposed by Lee@15# and ad-
vanced by numerous authors. This description is outlined in a l
section. The fracture simulation of a ductile material is studied
treating it as an elasto-viscoplastic solid. The elastic behavio
modeled as a hyperelastic VIB material and the plastic an
viscoplastic response is defined in the so-called intermediate
figuration. The model is studied using 6061 Al for which the v
coplastic material properties are available.

In this paper, Section 2 gives a brief description of the we
known finite deformation kinematic formulations in order to e
tablish the scientific basis for the choice of the intermediate c
figuration. The elasto-viscoplastic constitutive formulation for t
intermediate configuration is then described in Section 3. Sec
4 describes the details of the explicit integration scheme det
and Section 5 describes the numerical finite element impleme
tion, along with the results from various case studies. The con
sions are presented in Section 6.

2 General Kinematic Formulations
The choice of an appropriate strain and strain-rate measu

critical to the elasto-viscoplastic formulation of fracture for du
tile materials using the VIB model. At the outset, various kin
matic frameworks, both small strain and finite strain, are
scribed below along with the possible situations to which th
may be applied. The choice of the kinematic formulation tha
best suited for the elastoplastic VIB model is then described
detail.

2.1 Small Strain Formulation. For problems where tota
strains are small, the additive decomposition of total strains~of
the order of 0.001! are given as

e i j 5e i j
e 1e i j

p (1)

where the elastic strains are of the order of 0.001~0.1%!.
The uniaxial strains for ductile materials can reach the orde

unity due to plastic flow, especially in metal-forming problems.
these cases the elastic strains~0.001! are very small compared to
the total strains and can be neglected. The hydrostatic stre
such cases does not affect yielding, and only the deviatoric pa
the stress causes yielding. The plastic flow can be expressed
functional as shown below:

ė i j
p 5 f i j ~s,ṡ ! (2)

As the elastic strains are neglected, the total strain rate ca
expressed in terms of the derivatives of the velocity field as
lows:

ė i j 5 ė i j
p (3)

5
1

2 S ]v i

]xj
1

]v j

]xi
D (4)

Final deformations are obtained by integrating Eq.~4! over time.
This formulation is well known as the rigid plastic model an
although the total strains are finite, there is no need to use fi
strain kinematics.

2.2 Finite Deformation Theory. The finite deformation
framework is applicable to cases where the total strains are fi
and the magnitude of elastic and plastic strains are compara
Examples of these include cases where the inertia forces are
due to rapid loading as in explosive and impact loading. Ela
strains of the magnitude of 25% or more have been reported
explosive loading@16#, which would necessitate a kinemat
Journal of Applied Mechanics
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framework where both elastic and plastic strains can be of fi
magnitude. The kinematics involved in the formulation of fini
elastic and inelastic deformations are based on the multiplica
decomposition of the deformation gradient and described in de
below.

2.3 Multiplicative Decomposition of Deformation Gradi-
ent. The effective decouplingof the elastic and plastic laws ca
be achieved by using the unstressed configuration for deforma
changes. It is assumed that yielding is not affected by the hyd
static Cauchy stresses and that the elastic constants are no
fected by plastic deformations. In this paper, capital-letter s
scripts are used for the initial configuration while lowerca
subscripts are used for the deformed configuration.

A multiplicative framework for large deformation inelastic be
havior is adopted@15–21# as follows:

F5Fe"Fp detFe,detFp.0
(5)

FiJ5FiI
e FIJ

p

whereF is the deformation gradient,Fe is the elastic deformation
gradient andFp is the plastic deformation gradient. As shown
Fig. 1, such a characterization allows for the definition of
imaginary intermediate relaxed~stress-free! configurationV̄. V0
and V are the configurations at timet5t0 and t5tn11 , respec-
tively. In this paper any quantity with an overbar~̄ ! refers to its
value in the intermediate configuration. The intermediate confi
ration is commonly considered as a stress-free configuration
tained by elastically unloading the body from the current config
ration. It can be physically considered to represent the total ef
of dislocations without any lattice distortions~mapped byFp),
while the lattice distortions and rotations transform the interme
ate configuration to the current configuration~mapped byFe). The
basic kinematic variables associated with the three configurat
are now described.

2.3.1 Undeformed ConfigurationV0. The primary kine-
matic tensors associated with the undeformed configurationV0
are the left Cauchy-Green deformation tensorC and the Green-
Lagrange strain tensorE, which are expressed as follows:

C5FT"F or CIJ5FiI FiJ (6)

E5
1
2~C2G! or EIJ5

1
2~CIJ2GIJ! (7)

whereG is the metric tensor in the undeformed configuration.
the Cartesian coordinate systemGIJ5d IJ whered IJ is the Kro-
necker delta. Since the plastic deformation gradient maps the
tial configuration to the intermediate configuration, the plas

Fig. 1 Multiplicative decomposition of deformation gradient F
with its effect on shape and microstructure
NOVEMBER 2004, Vol. 71 Õ 797
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parts of the left Cauchy-Green deformation tensorCp and the
Green-Lagrange strain tensorEp can be expressed as follows:

Cp5FpT"Fp or CIJ
p 5FiI

p FiJ
p (8)

Ep5
1
2~Cp2G! or EIJ

p 5
1
2~CIJ

p 2GIJ! (9)

From the above definitions, the elastic component of the Gre
Lagrange strain tensor is defined using the additive decompos
@22# as

Ee5E2Ep (10)

2.3.2 Intermediate ConfigurationV̄. The Green-Lagrange
strain in the intermediate configurationĒ can be defined as a
push-forward transformation ofE usingFp as follows:

Ē5Fp2T
EFp21

(11)

5Ēe1Ēp (12)

where

Ēe5
1
2~FeT

"Fe2I ! (13)

Ēp5
1
2~ I2Fp2T

"Fp21
! (14)

The deformation gradientsFe, Fp may not strictly be continuously
differentiable mappings. They have sometimes been describe
point matrix functions.

2.3.3 Current or Deformed ConfigurationV. The deforma-
tion gradients mapping the initial and the intermediate configu
tions into the current configuration~Fig. 1! are the totalF and
elasticFe parts, respectively. Consequently, the primary strain t
sors associated with the current configuration may be express

b5F"FT or bi j 5FiI F jI (15)

e5
1
2 ~g2b21! or ei j 5

1
2~gi j 2bi j

21! (16)

be5Fe"FeT or bi j
e 5FiI

e F jI
e (17)

ee5
1
2~g2be21! or ei j

e 5
1
2~gi j 2bi j

e21! (18)

whereb and be are the total and elastic right Cauchy-Green d
formation tensors ande and ee are the total and elastic Euleria
strain tensors, respectively. The additive decomposition of the
lerian strain tensor leads to

ep5e2ee (19)

Following Marsden and Hughes@23#, the tensorse andep may be
referred to as the push forward, usingFp, of the tensorsE andEp,
respectively.

2.4 Rate of Deformation and Spin Tensors. The velocity
gradient, rate of deformation, and spin tensors can be express
the current and intermediate configurations as described belo

2.4.1 Current Configuration. The velocity gradient of a par
ticle defined in the current configuration is expressed as

L5
]v

]x
5ḞF215D1W (20)

D5symm~L ! (21)

W5skew~L ! (22)

whereD is the rate of deformation or velocity tensor represent
the stretching part andW is the spin rate tensor. By substitutin
the multiplicative decomposition of the deformation gradient
the above equation, one can derive the following expression:

L5~ Ḟe"Fe21
!1~Fe"Ḟp"Fp21

"Fe21
!5~Le!1~L p! (23)

5~De1We!1~Dp1Wp! (24)
798 Õ Vol. 71, NOVEMBER 2004
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where Le and L p are the definitions of the elastic and plast
velocity gradient tensors andDe, Dp, We, Wp are the elastic and
plastic parts of the stretching-rate and spin-rate tensors, res
tively. In theory it can be assumed that not only the symme
part DP but also the skew symmetric partWp is governed by
constitutive equations. For rate-dependent materials@24#, these
constitutive equations can be expressed as

DP5FeDp~FeTFe,a!Fe21
(25)

WP5FeWp~FeTFe,a!Fe21
(26)

where a is a set of parameters that describe structural chan
caused by lattice defects. Wang’s@25# representation theorem
yields Wp50, thereby ignoring the effect of the plastic spin-ra
tensor.

2.4.2 Intermediate Configuration.Since the velocity gradi-
ent has a covariant-contravariant character, using an approp
pull back from the current configuration, the expression for
representation in the intermediate configuration results in

L̄5Fe21
LFe (27)

5Fe21
Ḟe1ḞpFp21

5L̄e1L p (28)

whereL̄e and L̄ p are the elastic and plastic velocity gradient te
sors. The rate of deformation tensors in the intermediate confi
ration can be expressed as

D̄5symm~ L̄ !5
1
2~C̄eL̄1L̄TC̄e!5FeTDFe (29)

D̄e5symm~ L̄e!5
1
2~C̄eL̄e1L̄eTC̄e!5FeTDeFe (30)

D̄p5symm~ L̄p!5
1
2~C̄eL̄p1L̄pTC̄e!5FeTDpFe (31)

3 Elastic-Viscoplastic Constitutive Assumptions
In the approach proposed in this paper, the hyperelas

viscoplastic response of the VIB model is based on the follow
assumptions:

1. The intermediate configuration is assumed to be the basi
the definition of the plastic variables. As the intermedia
configuration is considered to be a fixed configuration as
ciated only with lattice deformations, the elastic bonds b
tween the particles are not affected. This configuration
obtained by elastically unloading the material from the c
rent configuration. The original hyperelastic VIB model
hence set up in the intermediate configuration.

2. Theflow rule is specified in terms of the plastic part of th
velocity gradientL̄ p. This is assumed to be a function of th
Piola-Kirchoff stress and other internal variables.

3. The solid is considered to be isotropic in the intermedi
configuration leading to the assumption that the plastic p
of the spin tensor is zero (W̄p50).

4. A unified viscoplastic model is assumed, where inelas
strains include plastic and creep strains, by specifying
single set of flow rules and evolutionary equations.

5. The stress rate is assumed to have no effect on the ev
tionary equations, i.e., instantaneous plasticity is neglect

6. Plastic deformations are assumed to be incompressibl
det(Fp)51.

3.1 Intermediate Configuration Formulation. Based on
the hypothesis of formulating the hyperelastic part of the elas
viscoplastic VIB formulation in the intermediate configuratio
the final kinematic quantities used in this formulation are summ
rized as follows:
Transactions of the ASME
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F5Fe"Fp

L5ḞF215D1W

L5~ Ḟe"Fe21
!1~Fe"Ḟp"Fp21

"Fe21
!5~Le!1~FeL̄ pFe21

!

5Le1L p5~De1We!1~Dp1Wp!

L̄5Fe21
LFe5Fe21

Ḟe1ḞpFp21
5L̄e1L̄ p

L̄e5Fe21
"Ḟe

L̄ p5Ḟp"Fp21

3.2 Hyperelastic Constitutive Equations. The original Vir-
tual Internal Bond~VIB ! elastic model has been formulated in th
reference configuration@6,7,10#. The Cauchy-Born rule of crysta
elasticity is used to derive the overall constitutive equations
equating the internal strain energy of the bonds to the poten
energy stored in the continuum due to external forces. The in
and the deformed configurations are defined using the Lagran
coordinates X5XI and the Eulerian coordinatesx5x(X,t)
5xi(XI ,t), respectively. The deformation gradientF and the
Green-Lagrange strain tensorE are used in the basic elast
description.

Consider an arbitrary microstructural bond at an angleu andf,
whereu is the angle between the bond and the vertical posi
z-axis, andf is the angle in the horizontal plane with respect
the positivex-axis ~in polar coordinates!, respectively. The unit
vector along this direction is given a
j5~sinu cosf,sinu sinf,cosu! with respect to the undeforme
configuration. The stretch of this bond can be given as

l 5 l oA112j IEIJjJ (32)

The macroscopic strain energy density function is derived us
the Cauchy-Born rule@9,26# as

c~EIJ!5^U~ l !& (33)

where^ . . . & represents the weighted average with respect to
bond density functionDd . U( l ) is the potential energy function
between each bond. Assuming that all bonds have the same i
length l o , for the general case this is given as,

^¯&5E
0

2pE
0

p

¯Dd~u,f!sinududf (34)

The termDd(u,f)sin(u)dudf represents the number of bonds p
unit volume between the bond angles (u,u1du) and (f,f
1df). For isotropic solids the bond density function is taken a
constantDo . Hence the macroscopic strain energy density fu
tion can be now given as

c~EIJ!5DoE
0

2pE
0

p

U~ l !sinududf (35)

For a two-dimensional isotropic solid subjected to plane stress
bond density function can be expressed asDdd@u2(p/2)# and
the strain energy density function becomes

c5DoE
0

2p

U~ l !df (36)

From the strain energy density functionc, the symmetric second
Piola-Kirchoff stressSIJ and the elastic modulusAIJKL can be
derived as follows:

S5
]c

]E
or SIJ5

]c

]EIJ
(37)

AIJKL5
]2c

]EIJ]EKL
(38)
Journal of Applied Mechanics
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The modulus derived from this potential satisfies the major a
minor symmetries,AIJKL5AJIKL5AIJLK5AKLIJ , as well as the
Cauchy symmetry,AIJKL5AIKJL . This results in only one isotro-
pic elastic constant being needed. This is due to the fact that
Cauchy symmetry is satisfied by the fourth-order isotropic elas
ity tensor only for the case ofl5m, wherel andm are the two
Laméconstants.

3.2.1 Adaptation to the Proposed Model.In the proposed
model, since the intermediate configuration is considered to b
fixed configuration associated only with lattice deformations,
elastic bonds between the particles are not affected in this c
figuration. Hence, the elastic VIB response in the intermed
configuration can now be expressed as

S̄5
]c̄~Ēe!

]Ēe
or S̄IJ5

]c̄

]ĒIJ
e

(39)

where S̄ is the equivalent of second Piola-Kirchoff stress in t
intermediate configuration.

3.3 Viscoplastic Response Formulation. The intermediate
configuration can be uniquely described by the plastic part of
deformation gradientFp, and the evolution equations can be s
up to describe it using an appropriate flow rule. The two inter
variables, namely, the backstressā and the effective accumulate
plastic strainēp5*0

t eG pdt, and the evolution equations in the rat
dependent form are described here. The constitutive equations
mulated here is based on the elasto-viscoplastic response
material following theJ2 flow theory.

The expressions for the deviatoric form of the second Pio
Kirchoff stress and the backstress~in the intermediate configura
tion! can be expressed as follows:

S̄d5S̄2
1
3~S̄:C̄e!C̄e21

(40)

ād5ā2
1
3~ ā:C̄e!C̄e21

(41)

and the hydrostatic pressurep is given by the equation 3Jp
5S̄:C̄e, whereJ is the determinant of the deformation gradien

Yield function. The yield function in the intermediate configu
ration is described as

F̄~S̄,ā,ēp!50 (42)

For theJ2 flow theory the yield function takes the form

F̄5s̄eq
2 2k250 (43)

where the equivalent stress in the intermediate configuratio
given as

seq
2 5

3
2~S̄d2ād!:~S̄d2ād!C̄eC̄e (44)

Flow rule. The flow rule is expressed as the evolution of t
plastic part of the velocity gradient as follows:

L̄ p5ḞpFp21
5D̄p1W̄p (45)

5l̇n̄~S̄,ā,ēp! (46)

where n̄ is a second-order tensor representing the direction
plastic flow. Adopting the associated flow rule, this direction
normal to the yield surface. Using Eq.~44!, the plastic flow direc-
tion can be expressed as

n̄5
3

2s̄eq
~S̄d2ād!C̄eC̄e (47)

and the evolution of the effective plastic strain rate is then giv
as follows:

eG p5l̇5
F̄~S̄,ā,ēp!

h
(48)
NOVEMBER 2004, Vol. 71 Õ 799
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whereh is the viscosity parameter of the material~also referred to
as the fluidity coefficient!. The plastic part of the spin tenso
(W̄p50) is not considered. These considerations result in a
duced form of the flow rule shown below

D̄p5l̇symm~ n̄! (49)

Hardening rule. The evolution of backstress is given by
kinematic hardening rule as follows:

aG 5l̇h̄~S̄,ā,ēp! (50)

whereh̄ is the hardening function.

4 Integration Procedure
The details and issues involved with the numerical implem

tation of the model proposed above are described in this sec
The steps outlined here are presented in a format that is sui
for implementation using the ABAQUS subroutine VUMAT. I
the material model, which involves the integration of the con
tutive equations, the following data are given as input fro
ABAQUS: Ft , Ft11 , Dt, which represent the deformation grad
ents at the previous and current time step and the incremen
time, respectively. The elastic and plastic deformation gradien
time t denoted byFt

e andFt
p , respectively, and the effective plas

tic strainēp are designated and computed as state variables w
the material model subroutine. The Cauchy stresss t from the
previous time step is also returned back by ABAQUS for use
needed. The Cauchy stress tensor at time~t11!, s t11 , along with
the updated values ofFt11

p , Ft11
e , ēp are calculated and stored a

the end of the current time step.

4.1 Numerical Integration Procedure

Step 1. The flow rule is integrated using animplicit exponential
approximation, keeping the flow direction and the plastic modul
fixed during the current time step, as follows:

* Fn11
p 5exp@Dēn11

p n̄n#F̄n
p (51)

The tensor exponential function in Eq.~51! can be represente
by a series representation as shown below

exp@A#5(
n50

`
1

n!
@A#n (52)

Considering the first two terms of the expansion of Eq.~51! and
using the series representation, the flow rule and the resulting
plastic deformation gradient can be expressed as given below

* Ft11
p 5@ I1Dē t11

p n̄t#F̄t
p (53)

whereI is the second order identity tensor.
Step 2. Thetrial elastic deformation gradient for the curre

step is computed as follows:

* Ft11
e 5~F! t11Ft11

p21

(54)

* FiJ
e 5~FiK ! t11~FkJ! t11

p21

Step 3. The Green strain can then be computed as shown b

* Ēt11
e 5

1
2 @* Ft11

eT
* Ft11

e 2I # (55)

Step 4. Thetrial elastic second Piola-Kirchoff stress~based on
the computation of new bond lengths in the intermediate confi
ration and assuming that the hyperelastic potential is based o
elastic stretch only! is calculated using the following equation:
800 Õ Vol. 71, NOVEMBER 2004
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* S̄t115
]c̄~* Ēt11
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* ~S̄IJ! t115
]c̄

]* ĒIJ
e

Step 5. The trial backstress is then updated by the follow
equation:

* ā t115ā t1Dē t11
p hn (57)

Step 6. The equivalent plastic strain, actual equivalent str
and internal scalar or tensor variables can then be solved usi
Newton iteration. The equivalent plastic strain increment can
expanded as

Dē t11
p 5DteG p~* S̄t11 ,* Ft11

p ,Dē t11
p ,ā t11! (58)

The equivalent plastic strain increment in Eq.~58! is solved from
the steps described using the Newton-Raphson technique wit
initial guess of zero. This value is incremented until Eq.~58! is
satisfied to some acceptable tolerance. The algorithm descr
above is a combination of both explicit and implicit steps.

5 Numerical Implementation
The numerical implementation of the finite deformation visc

plastic VIB model, described in the above sections, has b
tested on a plate with a center-hole~PWH! problem. A number of
issues, such as crack initiation and propagation, stress-strain
havior of cracked elements, development of plastic strain in e
ments, time of solution, etc., have been studied. The results
presented in this paper. Simulations have also been run using
elastic VIB model described in@13,14# and compared with the
viscoplastic model.

In the simulations, 6061 Al has been used with a Youn
Modulus of 70 GPa and a Poisson ratio of 0.3. The material ha
initial yield stresss̄05135 MPa. The size of the quarter plate
taken as 1003100 mm. The plastic flow for this material is de
scribed by a power law given by the following equation@27#:

s̄5a1b~c1k!d (59)

where the material constants witha525 MPa, b5466 MPa, c
50.003, and the exponentd50.293.k is the equivalent plastic
strain. The fluidity coefficienth used in the effective plastic
strain-rate equation~48! is 5000 MPa/s.

5.1 Plate With Hole Problem: Unidirectional Displace-
ment Loading. The loading cases studied for this problem a
shown in Fig. 2. The displacement at the top edge of the plat
increased linearly in all cases with the rate being controlled by

Fig. 2 Loading cases studied for plate with hole
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final displacement value. All displacements are given during a
time of 1 s. The four cases correspond to a maximum displa
ment~U2! of 1.5, 2.5, 3.5, and 5.3 mm, respectively, of the top
the plate. Both the elastic VIB model and the elasto-viscopla
VIB ~EPVIB! model have been run on the same data set.

For case 1~U251.5 mm!, no cracking was observed for bot
the models, and hence, the results are not shown graphically.
ures 3 and 4 show the deformation of the VIB and EPVIB mode
respectively, for case 2~U252.5 mm!. A fully cracked band at the
bottom edge can be seen for the elastic case~Fig. 3! while no
cracking is observed in the EPVIB case~Fig. 4!. For subsequen
load cases the elastic deformation pattern is not shown as
bottom edge is fully cracked in all cases and is similar to t
shown in Fig. 3. Figure 5 shows the final deformation for load
case 3~U253.5 mm! with the EPVIB model. A small crack is
seen to develop at the bottom left edge with two or three elem
showing cracks. Figure 6 shows the deformation pattern for ca
~U255.3 mm! at time 0.7 s from which it can be seen that t
crack tip located at about one-third of the base length from
edge of the hole.

Figure 7 shows the stress distribution along the path define
the bottom edge of the plate~for loading case 4!, showing the
stress values with increasing time, after cracking. The peak s
is indicative of the current location of the crack tip, shifts to t
right. After the crack has fully propagated throughout the bott
edge, the stresses in these elements drop significantly, as sho
Fig. 7 at time stepst50.9 s. Figure 8 shows the plot of crack t
location with time up to the time of 0.875 s. It was observ
earlier that at 0.9 s the crack suddenly propagates throughou
bottom of the plate.

Fig. 3 Final deformation for elastic VIB model „case 2 …

Fig. 4 Final deformation for viscoplastic VIB model „case 2 …
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The stress-strain behavior comparison of a critical elemen
studied by plotting the stress along the loading directions22 with
the logarithmic strainLE22, for the left-bottom corner elemen
~the first element at the edge of the hole!. The results have been
presented comparing the elastic and the viscoplastic respons
various loading cases. For loading case 3 the response is show

Fig. 5 Final deformation for viscoplastic VIB model „case 3 …

Fig. 6 Final deformation for viscoplastic VIB model „tÄ0.7 s…
„case 4 …

Fig. 7 Stress „syy … distribution along bottom edge of plate
„after cracking …
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Fig. 9. The peak of the viscoplastic response is higher than
elastic response and is due to the incorporation of the harde
behavior exhibited by the material.

Figure 10 shows the plot of the equivalent Mises stress with
equivalent plastic strain, for the left-bottom corner element. T
intent of this figure is to study the effect of rate of loading on t
development of plastic strains. After yielding, for loading case
and 2 equivalent plastic strains are allowed to develop as

Fig. 8 Plot of crack tip location with time

Fig. 9 Stress-strain curve for left-bottom corner element „case
3…

Fig. 10 Mises stress-equivalent plastic strain plots for left-
corner element
802 Õ Vol. 71, NOVEMBER 2004
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loading rates are fairly low. In cases 3 and 4, which are simula
at a higher loading rate, the equivalent Mises stresses develo
are higher while the plastic strains developed are lower compa
to loading cases 1 and 2. The sudden drop in the stress in loa
cases 3 and 4 are a consequence of the cracking of the elem

Figure 11 shows the comparative response for various load
cases for the viscoplastic model for the left corner element. T
elastic response, which is not shown here, for these loading r
was observed to be identical for all the loading cases up to
point of maximum stress. The deviations in the softening reg
are due to numerical issues. For the viscoplastic model~Fig. 11!,
as the loading rate increases the peak stress and peak strain
tained appears to decrease. This might indicate that, for hig
loading rates, the tendency to fracture is higher as plastic str
do not have time to develop.

The influence of material parameters~such as yield strength,
fluidity coefficient, and hardening coefficient! on fracture proper-
ties, particularly, the cohesive strength and strain at the cohe
strength, have been studied. Figures 12–14 show the stress-s
behavior of the left-bottom corner element of the plate for diffe
ent values of yield strength, fluidity coefficient, and hardness
efficient, respectively. The loading rate was kept the same in
these simulations.

From Fig. 12, which shows the variation for different yiel
strength values with the hardness and fluidity coefficient rema
ing the same, it can be seen that cohesive strength is not affe
very much by the change in yield strength. The cohesive strain

Fig. 11 Comparison of viscoplastic model stress-strain curves

Fig. 12 Comparison of stress strain curves for different yield
strengths
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yield strength of an 85 MPa value is lower compared to the yi
strength values of 110, 135, and 185 MPa, which have very si
lar cohesive strain values.

Figure 13 shows the variation of the stress-strain behavior
the left-bottom corner element with varying fluidity coefficien
values. It can be clearly seen that as the fluidity coefficient
creases, both the cohesive stress and the cohesive strain v
decrease, indicating that the there is a faster tendency to frac
Figure 14, which shows the variation of the stress strain curves
different values of hardness coefficientk, indicates that the hard-
ness coefficient has negligible influence on fracture.

5.2 Plate With Hole Problem: Biaxial Loading. The PWH
problem was repeated with a biaxial load. The magnitude of lo
ing was similar to that of loading case 3 of the uniaxial case w
the loading now applied in two directions. A uniform velocity i
both thex andy directions was applied over one second. Figur
15 and 16 show the final cracked configuration for the elastic
viscoplastic cases, respectively. A crack emanating from appr
mately the center of the quarter circular arc and propagating
45-deg angle can be clearly seen. The elastic model cracks ea
than the viscoplastic model case and also propagates much fur
From Fig. 17, which shows a comparison of the stress and
logarithmic strain for the biaxial and uniaxial cases, it can be s
that the cohesive stress for biaxial stretching is lower and occ
at a lower strain value when compared to the uniaxial case. T
observation is consistent with the theoretical derivation shown

Fig. 13 Comparison of stress strain curves for different fluid-
ity coefficients

Fig. 14 Comparison of stress strain curves for different hard-
ness coefficients
Journal of Applied Mechanics
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~Fig. 6 of Gao and Klein@8#!. Figure 18 shows the comparison o
the Mises stress and the equivalent plastic strain plots. Since
cohesive stress for the biaxial case is lower, the overall deve
ment of the equivalent plastic strain is also lower.

Fig. 15 Cracked pattern for biaxial load case with elastic VIB
model

Fig. 16 Cracked pattern for biaxial load case with viscoplastic
VIB model

Fig. 17 Comparison of stress and logarithmic strains for the
elastic and viscoplastic models
NOVEMBER 2004, Vol. 71 Õ 803
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6 Conclusions
In this paper an effective and robust finite element implem

tation of a hyperelasto-viscoplastic virtual internal bond mo
has been presented to simulate crack initiation, propagation,
branching in ductile materials. The following conclusions can
drawn from the paper.

1. Since the model is set up in an explicit integration fram
work, the softening region does not pose any difficulties d
to possible negative eigenvalues or singularities in the s
ness matrix.

2. The effect of the plastic zone ahead of the crack tip is cle
demonstrated in the deformation patterns exhibited by
elastic and the viscoplastic VIB model.

3. The effect of strain hardening is also seen in the form
increased cohesive stress limits in the viscoplastic case.

4. The effect of loading rate on the development of plas
strains and crack formation has also been shown. It is s
that as loading rate increases, while the Mises stresses
higher, the plastic strains developed are lower. The mate
tends to crack earlier as the loading rate increases.

5. In parametric studies in which the effect of yield streng
fluidity coefficient, and hardness coefficient on fracture w
studied, it was found that the yield strength and the hardn
coefficient did not have a significant influence on the co
sive stress. However, an increase in the fluidity coeffici
resulted in a decrease in the cohesive stress as well a
strain value.

6. The cohesive stress for biaxial stretching is lower and occ
at a lower strain value when compared to the uniaxial ca
This observation is consistent with the theoretical derivat
shown in~Fig. 6 of Gao and Klein@8#!.
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