
tribu-
been
at the

also
ique,
Y. Wang

G. Gioia

A. M. Cuitiño

Department of Mechanical and Aerospace
Engineering,

Rutgers University,
Piscataway, NJ 08854

The Deformation Habits of
Compressed Open-Cell Solid
Foams
Compressed open-cell solid foams frequently exhibit spatially inhomogeneous dis
tions of local stretch. The theoretical aspects of this deformation habit have not
clearly elucidated. Here we briefly discuss the energetics of the problem to show th
stretch inhomogeneity stems from the nonconvexity of the underlying potential. We
perform displacement field measurements using the Digital Image Correlation techn
and discuss the results in light of the theory.@S0094-4289~00!01904-6#
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1 Introduction
Figures 1~a!-~b! show the microstructure of a typical open-ce

solid foam, in this specific case a polyurethane foam. The mic
structure is a three-dimensional network of bars of similar len
and cross section. In spite of certain irregularities, e.g., Fig. 1~a!,
we can reasonably imagine the network as if it were compose
repeated basic units, in the form of Fig. 1~c! @1#.

Figure 1~d! shows the mechanical response of the foam of F
1~a! subject to uniaxial compressive stretch,l. Thes-l curve of
Fig. 1~d! is characteristic of compressed open-cell foams~and of
some closed-cell foams, too!; it is composed of a linear portion,
stress plateau, and a hardening portion@2#. The most interesting
feature of thiss-l curve is the relatively long stress plateau.

The stress plateau of Fig. 1~d! has been associated with th
buckling of the network of bars of Fig. 1~b!. In fact, a buckling
model can be used to predict with good results the length of
plateau and the associated stress.~For a review and extensive
references see@2#.!

It has been known for some time that the stretch is spati
inhomogeneous in a foam which has been stretched into the s
plateau~see e.g.,@3#!. In spite of its strengths, the buckling mod
is not per separticularly illuminating of this deformation habit
We have recently suggested that the stretch inhomogeneity
be best elucidated by means of energy considerations@4#. The
theoretical aspects of this approach we will expound at len
elsewhere~Gioia, Wang and Cuitin˜o, paper in preparation!. The
crucial point can be easily grasped, however, by considering
simple model of Fig. 1~c!. For a foam stretched along the ris
direction we can reduce that model to the two-bar basic uni
Fig. 2~a!. Using the reduced model we obtained the strain ene
per unit volume of foam~in the original configuration! as a func-
tion of the applied stretch. The result is shown in Fig. 2~b!.

The strain energy density functionf~l! of Fig. 2~b! is noncon-
vex. The implications of this fact are momentous@5#. A straight-
forward nonconvex analysis shows that when the foam is sub
to anoverall applied stretchl̄ in the rangelL.l̄.lH , Fig. 3~a!,
the distribution of local stretch within the specimen isnot homo-
geneous and equal tol̄ ~Gioia, Wang and Cuitin˜o, paper in prepa-
ration!. Instead, a volume fraction 0,a,1 of the specimen is
subject to a stretchlH ~the high-density phase! whereas the re-
maining volume fraction 12a is subject to a stretchlL ~the low-
density phase!, Fig. 3~b!. lL and lH are the characteristic
stretches, which correspond to two different phases of the mic
structure, before and after snap-through buckling, respectiv
Figs. 3~c! and ~d!. The characteristic stretches can be graphica
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computed in the form indicated in Fig. 3~a!. The value ofa fol-
lows from compatibility in the form of the law of mixtures

a5
lL2l̄

lL2lH
. (1)

The behavior of the foam is fully determined by the functio
f̄(l) ~indicated in solid line in Fig. 3~a!!, which function is said
to effect theconvexificationof f~l!. Within the plateau range
lL.l̄.lH , the stress is constant and equal to the plateau st

sp52
f~lL!2f~lH!

lL2lH
, (2)

see Fig. 3~a!. We compare the predicteds-l curve with the ex-
perimental results in Fig. 4.

itor:

Fig. 1 „a… Microstructure of an open-cell polyurethane solid
foam in the vicinity of a pore. „b… This view of the surface of a
specimen, where the foam was severed across a plane, reveals
the nearly regular microstructure which prevails in most of the
foam. „c… Simple model of the microstructure as a regular,
three-dimensional network of bars. The four-bar structure in
the upper right corner of the figure is the basic unit of the net-
work. The direction indicated in the upper left corner of the
figure is the rise direction of the foam †1‡. „d… Mechanical re-
sponse of the foam „a-b… subject to uniaxial compressive
stretch along the rise direction.
2000 by ASME Transactions of the ASME
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2 Experiments
In this section, we study experimentally the deformation hab

of the foam of Fig. 1. We accomplish this by performing who
field displacement measurements on the surface of a spec
subject to uniaxial compressive stretch. Due to the extremely
stiffness of the foam, we employ a noncontact measuring met
In addition, since the displacement field is highly irregular at
sub-millimeter level, we opt for a ‘‘fuzzy’’ measuring metho
capable of averaging the displacement field over a set of windo
The Digital Image Correlation~DIC! technique provides us with
the ideal tool. Since its inception in 1982@6#, DIC has been
greatly developed@7–10#, and found application in a wide variet
of problems~see e.g.,@11–14#!. DIC has recently been employe
in foam research@15#, where a big-window correlation wa
adopted. Our aim here is to detectlocalizeddeformation; conse-

Fig. 3 „a… For an overall applied stretch l̄ the total strain en-
ergy can be minimized by a straightforward nonconvex analy-
sis. The mechanical response of the foam is governed by f̄„l….
Thus the stress for a given l̄ is sÄÀd f̄Õd lzlÄl̄ . „b… Inhomo-
geneous distribution of stretch in the specimen. The high- and
low-density phases may not be connected, as shown here, but
mixed with each other, see Section 2; the volume fraction a is
always given by the compatibility condition, Eq. „1…. „c… Micro-
structure of the low-density phase „before snap-through buck-
ling …. „d… Microstructure of the high-density phase „after snap-
through buckling ….

Fig. 2 „a… When the foam is subject to a uniaxial stretch in the
rise direction, the four-bar basic unit of Figure 1 „c… can be re-
duced to a two-bar basic unit. The bars are linear elastic of
Young’s modulus E and circular cross section of radius r „A
Äpr 2

…; they are ruled by Von Ka ´rmán’s theory of beams. The
tilted bar is in actuality three bars, each with the same cross-
sectional radius as the vertical bar. „b… Predicted strain energy
density of the foam as a function of the applied uniaxial stretch.
We have used L 1 ÕLÄ1.5, dÄcos À1

„2Õ7…, and the r ÕL ratio which
corresponds to a foam of relative density r rÄ0.01.
Journal of Engineering Materials and Technology
its
e-
men
ow
od.
he

ws.

quently, we use a smaller correlation window, namely an array
15315 successive pixels, to provide displacement measurem
with a standard deviation of 0.1 pixel. This is a compromise
tween spatial resolution and displacement accuracy.

We used a specimen of height 2.54 cm aligned with the r
direction ~axis y! and cross section 10.533.72 cm2, made of the
polyurethane foam of Fig. 1, and compressed it in the direction
the height up to an overall uniaxial stretchl̄50.74. The speed of
the loading plate was 4.2 1022 cm s21. We took 11 pictures of the
surface of one of the lateral faces of the specimen, at equal in
vals of l̄, and correlated the successive pictures, one pair
time, to compute the displacement at the pixels of the refere
images. The cumulative displacement of each reference imag
transferred to the successive reference image using a bili
interpolation.

Figure 5~a! is a contour plot of the displacement fieldv(x,y) in
the y direction, on a portion of the face of the specimen. T
figure clearly reveals the inhomogeneous nature of the lo
stretch distribution. The zones of high and low local stretch fo
roughly parallel strata normal to they direction; they are most
definitely not connected~cf. @3#!.

Fig. 4 Experimental „light gray, same curve as in Fig. 1 „d……
and predicted stress-stretch curves for the foam of Fig. 1 „a…–
„b…. The predictions are those of the reduced model of Fig. 2 „a…,
properly convexified, with L 1 ÕLÄ1.5, dÄcos À1

„2Õ7…, and the
r ÕL ratio which corresponds to a foam of relative density r r
Ä0.01. To fit the curves we have used EÄ68 MPa and r
Ä730 Kgm À3 for the bars „the apparent density of the foam is
rÄ21.9 Kgm À3

…; these are reasonable values, within a factor of
2 of the expected ones „perhaps EÄ50 MPa and r
Ä1000 Kgm À3, see †2‡…. The resulting characteristic stretches
are lLÄ0.91 and lHÄ0.60.

Fig. 5 Displacement field measured by the Digital Image Cor-
relation „DIC… technique. The specimen is subject to an overall
stretch in the y direction. v is the displacement along the y
direction „y is measured in the original configuration …. The
units of x , y , and v are pixels. „a… Contour plot of the displace-
ment field v „x ,y … on the surface of the specimen. The plot con-
sists of lines of equal v at regular intervals Dv . „b… Plot of the
displacement v along the dotted line of „a…, and the character-
istic slopes which correspond to lLÄ0.91 and lHÄ0.60 „from
Fig. 4 ….
OCTOBER 2000, Vol. 122 Õ 377
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Figure 5~b! is a plot of the displacementv along the dotted line
of Fig. 5~a!. The presence of two well-defined slopes is appar
in Fig. 5~b!; they represent the low- and high-density phases
fact, the slopedv/dy is related to the local stretch by the follow
ing expression:

dv
dy

5l21. (3)

We verify in Fig. 5~b! that the measured slopes compare well w
the values computed using Eq.~3! for lL50.91 andlH50.60, see
Fig. 4. From Fig. 5~b! we can also estimate a volume fractiona
50.33. A value ofl̄50.76 is then obtained from Eq.~1!, which is
in very good agreement with the value of applied stretch,l̄
50.74.

In conclusion, the experimental evidence confirms the inhom
geneous nature of the stretch field in open-cell foams compre
into the stress plateau. This deformation habit stems from
nonconvexity of the underlying energetics. The experiments a
provide information beyond the predictive capabilities of t
theory. Thus, the experiments indicate that the low- and hi
density phases do not arrange themselves into two adjacen
gions, but into roughly parallel strata normal to the loadi
direction.
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