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Surface Stress and Reversing
Size Effect in the Initial Yielding
of Ultrathin Films
Very recent experiments indicate that in free-standing metallic films of constant grain size
the initial yield stress increases as the film becomes thinner, it peaks for a thickness on the
order of 100 nm, and then starts to decrease. This reversing size effect poses two chal-
lenges: (1) It cannot be explained using currently available models and (2) it appears to
contradict the classical experimental results due to J. W. Beams [1959, “Mechanical
Properties of Thin Films of Gold and Silver,” in Structure and Properties of Thin Films,
Wiley, New York, pp. 183–198]. Here we show that the reversing size effect can be
explained and the contradiction dispelled by taking into account how the initial yielding
is affected by the surface stress. We also predict that the mode of failure of a film changes
from ductile to brittle for a thickness on the order of 100 nm, in accord with
experiments. �DOI: 10.1115/1.2074767�
1 Introduction
The mechanical behavior of tiny metallic bodies has long been

known to be subject to size effects �1�. For example, the yield
stress of crystalline whiskers may exceed the yield stress of large
crystals of the same material by a factor of 10 or more �2�. With
the development of nanotechnologies in recent years, much new
research has been devoted to elucidating size effects in polycrys-
talline ultrathin films.

One size effect that has drawn much attention pertains to the
large strain gradients that arise, for example, in films subjected to
bending. This size effect has been ascribed to the high density of
geometrically necessary dislocations induced by the strain gradi-
ent �3,4�. Another size effect pertains to the texture �or preferential
grain orientation� that is characteristic of thin films grown on crys-
talline substrates. Because a texture frequently leads to a higher
yield stress �5,6�, this size effect can be readily explained. Still
another size effect pertains to the grain size, which in annealed
films tends to scale with the thickness of the film �5,6�. Because
smaller grains lead to a higher yield stress �the Hall-Petch relation
�7–9�� or perhaps to a lower yield stress �the reverse Hall-Petch
relation, valid for grains smaller than about 10 nm �10��, this size
effect can be readily explained.

In a very recent experimental study �11�, the yield stress of gold
films of constant texture and grain size subjected to uniaxial ap-
plied tension showed a peculiar size effect. The yield stress in-
creased with diminishing film thickness, up to a thickness h
=500 nm. Then, for h=300 nm, the yield stress remained the
same as for h=500 nm, indicating that the yield stress had at-
tained a maximum value for h�400 nm. In another recent, simi-
lar experimental study �12�, the yield stress of pure aluminum
films increased up to a thickness h=100 nm; then, for h
�100 nm, the yield stress started to decrease. This reversing �first
hardening, then softening� size effect cannot be explained by any
of the models proposed so far, because those models predict a
hardening size effect �for constant grain size�.

Here we model the film using continuum mechanics. We start
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by establishing expressions for the compressive stresses induced
in the film by the surface stress. After adding these stresses to the
applied stress, we use the von Mises yield condition to ascertain
the value of the applied stress at initial yielding or apparent yield
stress. Our results indicate that in films subjected to uniaxial ap-
plied tension the surface stress causes a reversing size effect on
the apparent tensile yield stress. Using the values of surface stress
determined in recent years via atomistic methods �13�, we esti-
mate that this size effect reverses for a thickness on the order of
100 nm, in accord with the experimental results summarized
above.

Then, we use the well-known failure criterion proposed by
Hancock and Mackenzie �14� to ascertain the mode of failure of
the film. Our results indicate that the mode of failure changes
from ductile to brittle for thicknesses close to the thickness for
which the size effect reverses. These results are in accord with the
experimental results of Ref. �11�.

Last, we show that the surface stress may lead to entirely dis-
parate size effects depending on the applied stress. In particular,
we find that in films subjected to biaxial applied tension the sur-
face stress does not lead to a reversing size effect. This finding
reconciles the recent experimental results summarized above with
J. W. Beams’s experiments on gold and silver films, in which the
size effect did not reverse even for h=20 nm �15,16�.

Our work joins a growing body of research in which the surface
stress has been found to play a crucial role in several problems at
ultrasmall lengthscales, including the blunting of a crack tip �17�
and the nanoindentation of a crystal �18�.

2 Surface Stress
The surface stress is a second-rank tensor T��, where the indi-

ces � and � run from 1 to 2 and denote in-plane coordinates
defined on the surface. �For detailed discussions of the surface
stress see, for example, �19,20�.� To relate the surface stress to the
surface energy � using Eulerian coordinates �21�, consider an el-
ement of surface of area A and energy �A that is stretched by an
in-plane elastic strain ���. Then, the work performed by the sur-
face stress is dW=AT�����, and the energy �A changes by
d��A�=�dA+Ad�=�A���+A��� /��������, where repeated indi-
ces imply summation. Equating dW to d��A� results in the desired
expression for the surface stress, T��=����+�� /����, where ���
is the second-rank Kroenecker delta. The second term in the ex-
pression for T�� represents the change in surface energy associ-

ated with the elastic stretching of the surface. When the area of a
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liquid surface is increased, the surface does not stretch elastically,
because the atoms in the interior of the liquid are mobile and may
readily migrate to the surface. Thus in liquids the second term in
the expression for T�� vanishes, and the surface stress is isotropic
and equal to the surface energy. This is not the case in solids,
because in solids the long-range order in the positions of the at-
oms makes it infeasible for the atoms to migrate to the surface, in
particular when the strain applied to the surface amounts to a
displacement of a small fraction of the lattice constant. Thus in
solids the second term in the expression for T�� may not neces-
sarily vanish, and the surface stress is in general anisotropic.

Consider now the crystalline surface of a free-standing crystal.
The surface accommodates the lattice constant of the bulk of the
material by means of a spontaneous elastic stretching. If the crys-
talline surface possesses a threefold or higher rotational axial
symmetry, then in the expression for T�� the term �� /���� asso-
ciated with this elastic stretching is isotropic �13�. That is the case
for �111� surfaces in fcc metals. In the experiments of interest here
the films had a preferred �111� crystallographic texture normal to
the faces of the films, and we are justified in assuming an isotropic
surface stress, T��=T���. The surface stress may in principle
be either positive �tensile� or negative, but it is positive for fcc
metals.

3 Surface Stress in Thin Films
Consider a free-standing film of length L�h and width W�h

�Fig. 1�a��. Suppose that the film is severed through its thickness
along an arbitrary in-plane direction. �The cut is marked C1 in Fig.
1�a��. Then, the surface stress, which we assume to be positive
and isotropic, becomes manifest as a tensile force T per unit
length of the perimeter of the cut, acting normal to the surface of
the cut, as indicated in Fig. 1�b�. If the severed parts of the film
are to remain in equilibrium, the surface stress must induce a
compressive stress on the surface of the cut; because the film is
very thin, the induced stress is uniform and of value −2T /h on the
surface of the cut �Fig. 1�c��. Thus the surface stress induces a
compressive stress of value −2T /h in all in-plane directions �19�.

Suppose now that the film is severed parallel to its upper and
lower faces. �The cut is marked C2 in Fig. 1�a��. Then, the surface
stress must again induce a compressive stress on the surface of the

Fig. 1 „a… A free-standing thin film. C1 and C2 are cuts per-
formed for stress analysis. „b… The surface stress T acting on
the perimeter of C1. „c… The compressive stress induced by T
on the surface of C1. „d… The compressive stress induced by T
on the surface of C2. „e… Applied traction that gives the same
stresses as T.
cut, but now the stress is confined to a very narrow strip �of width
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�h� parallel to the lateral edges of the film, as indicated in Fig.
1�d�. Thus in most of the film the surface stress induces no stress
in the direction of the thickness of the film.

From our discussion so far, we conclude that in a film of thick-
ness h the stresses induced by the surface stress may be approxi-
mately simulated by �i� applying an in-plane compressive traction
of value −2T /h on all the lateral edges of the film and �ii� leaving
the upper and lower faces of the film traction-free �Fig. 1�e��. This
conclusion is valid where the film is thin, i.e., where L�h and
W�h.

4 Apparent Yield Stress
Consider now a free-standing thin film to which a uniaxial

stress 	a is applied in the direction of the length of the film. Then,
the film is uniformly subjected to principal stresses 	1=	a
−2T /h, 	2=−2T /h, and 	3=0 in the direction of the length,
width, and thickness, respectively. We may ascertain the value of
the applied stress at initial yielding or apparent yield stress 	a

y by
substituting the principal stresses in the von Mises yield condition,
2	y

2= �	1−	2�2+ �	2−	3�2+ �	3−	1�2, where 	y is the yield stress
�22�. The result is

	a
y

	y
=

T

h	y
±	1 − 3
 T

h	y
�2

. �1�

Figure 2 shows a graphical rendition of Eq. �1� in the form of a
plot of the dimensionless apparent yield stress 	a

y /	y versus the
dimensionless thickness h	y /T. In the plot there is a single curve
separating the elastic region �which the curve embraces� from the
plastic region. The curve consists of two branches touching at
their leftmost points �marked M in Fig. 2�. The upper branch
corresponds to the 
 sign in Eq. �1� and gives the apparent tensile
yield stress. On the other hand, the lower branch corresponds to
the � sign in Eq. �1� and gives the apparent compressive yield
stress. The branches are supported on h�hM �	3T /	y �because
the discriminant of Eq. �1� is negative for h�hM�. Therefore, a
film of thickness h�hM cannot be poised between the elastic
region and the plastic region, regardless of the applied stress; such
a film is always in the plastic region.

Figure 2 indicates that for h�T /	y the apparent tensile yield

Fig. 2 A plot of the dimensionless apparent yield stress �a
y /�y

versus the dimensionless thickness h�y /T. See Eq. „1…. The
points F, R, M, and V are referred to in the text. The size effect
of the apparent tensile yield stress reverses from hardening to
softening at the point R.
stress is 	y, and the apparent compressive yield stress −	y. Thus
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for h�T /	y the initial yielding may be attained by applying a
tensile stress 	y or a compressive stress −	y. This is the expected
asymptotic behavior.

Next, we discuss in turn the two branches of Fig. 2. Consider
first the lower branch, starting with a thin film of thickness h
�T /	y. If the thickness of the film diminishes, the absolute value
of the apparent compressive yield stress decreases �i.e., d
	a

y
 /dh

0�, and we say that there is a softening size effect. If the thick-
ness continues to diminish, then, for a thickness h=hV�2T /	y,
the apparent compressive yield stress vanishes, 	a

y =0 �point V in
Fig. 2�. Thus a free-standing film of thickness h=hV spontane-
ously attains the initial yielding by virtue of the compressive
stresses induced by the surface stress. When a tensile stress is
applied to this free-standing film, the film departs from the initial
yielding, enters the elastic region, and re-attains the initial yield-
ing at the apparent tensile yield stress given by the upper branch
of Fig. 2. If the thickness continues to diminish beyond hV, the
apparent compressive yield stress becomes positive �i.e., the lower
branch of Fig. 2 gives a positive value of 	a

y�. This positive value
of 	a

y is the minimum tensile stress that must be applied to the film
if the film is not to yield by virtue of the compressive stresses
induced by the surface stress. �Therefore, the name “apparent
compressive yield stress” remains appropriate, even though this
stress is positive.� Last, for a thickness h=hM �	3T /	y, we reach
the leftmost point of the lower branch.

Consider now the upper branch of Fig. 2, starting with a thin
film of thickness h�T /	y. If the thickness of the film diminishes,
the apparent tensile yield stress increases �i.e., d
	a

y
 /dh�0�, and
we say that there is a hardening size effect. If the thickness of the
film continues to diminish, then, for a thickness h=hF�5T /	y,
the size effect is at its most hardening �i.e., d2
	a

y
 /dh2=0; point F
in Fig. 2�. If the thickness continues to diminish beyond hF, then
the hardening size effect starts to lessen �i.e., d
	a

y
 /dh starts to
become less negative�. Eventually, for a thickness h=hR

�2	3T /	y �3.5T /	y, the apparent tensile yield stress attains its
maximum value 	a

y =	aR
y �2	y /	3�1.15	y and the size effect

vanishes �i.e., d
	a
y
 /dh=0; point R in Fig. 2�. If the thickness

continues to diminish beyond hR, the apparent tensile yield stress
decreases �i.e., d
	a

y
 /dh
0�, and we say that there is a softening
size effect. Thus for a thickness h=hV�2T /	y the apparent ten-
sile yield stress equals its original value 	a

y =	y. Last, for a thick-
ness h=hM �	3T /	y �1.73T /	y, the apparent tensile yield stress
equals its minimum value 	a

y =	aM
y �	y /	3�0.58	y and we

reach the leftmost point of the upper branch.
From our discussion of Fig. 2 we conclude that the surface

stress causes a size effect on the apparent tensile yield stress. For
thin films of thickness h�T /	y there is a hardening size effect,
but the size effect reverses from hardening to softening for a
thickness hR�2	3T /	y. Thus the stresses induced in a thin film
by the surface stress lead to a size effect of the type recently
observed in experiments.

5 Size Effects and the Yield Condition
We have predicated Eq. �1� on the von Mises yield condition

	e=	y. Here 	e, the equivalent stress, quantifies the forcing that
tends to produce plastic deformation; it is defined by the expres-
sion 2	e

2��	1−	2�2+ �	2−	3�2+ �	3−	1�2, where 	1, 	2, and 	3
are the principal stresses. This expression for 	e suitably quanti-
fies the forcing if the plastic deformation occurs by the relative
slip of adjacent planes in the material, regardless of the specific
mechanisms whereby the slip is effected. �The slip need not be
affected by dislocation motion, for example.� In fact, it is the yield
stress 	y and not the equivalent stress 	e that depends on the
specific mechanisms whereby the slip is effected. Thus the eluci-
dation of size effects consists in determining the dependence of 	y

on the size. Yet this is not the case for the size effect caused by the
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surface stress, because this size effect is unrelated to the material.
Instead, it is related to the stresses that act on the bulk of the
material and to the fact that these stresses differ from the applied
stresses. The elucidation of this size effect is not a problem in
materials science, but rather a problem in solid mechanics.

In Eq. �1� the size effect caused by the surface stress is coupled
to other size effects only through the value of 	y. Therefore, in
Eq. (1) the yield stress 	y is not the yield stress of the bulk mate-
rial, but the yield stress of the bulk material enhanced by any
pertinent size effects other than the size effect caused by the sur-
face stress.

6 Comparison with Experiments
In Sec. 4, we concluded that the size effect caused by the sur-

face stress reverses from hardening to softening for a thickness
hR�2	3T /	y. To compare the predicted value of hR with the
experimental results, we recall that for h=hR the �maximum� ap-
parent tensile yield stress is 	aR

y �2	y /	3, and write an expres-
sion for hR in terms of 	aR

y , with the result hR=4T /	aR
y .

�Note that 	y =	aR
y 	3/2 is the yield stress of the bulk material

enhanced by any size effects other than the size effect caused by
the surface stress; see Sec. 5. Note also that the expression hR

=4T /	aR
y can give only a rough estimate of the thickness for

which the observed size effect reverses, not only because we have
predicated this expression on a number of simplifying assump-
tions, but also because �a� the value of T may be strongly affected
by subtle changes in environmental conditions and �b� 	aR

y is dif-
ficult to measure, and tends to be overestimated both in experi-
ments and in atomistic simulations; see, e.g., �23�.�

For the pure gold films of the experimental study of Ref. �11�,
the reported maximum apparent tensile yield stress was 	aR

y

=170 MPa. Using the surface stress of gold given in Ref. �13�,
T=3.42 N/m �see the Appendix�, we compute hR=80 nm, which
is on the order of magnitude of the thickness for which the ob-
served size effect reversed in that study, h�400 nm.

For the pure aluminum thin films of the experimental study of
Ref. �12�, the reported peak stress was 	a

p=750 MPa, and we es-
timate 	aR

y =	a
p /2=375 MPa. Using the surface stress of alumi-

num given in Ref. �13�, T=2.29 N/m �see the Appendix�, we
compute hR=24 nm, which is on the order of magnitude of the
thickness for which the observed size effect reversed in that study,
h�100 nm.

7 Failure and the Ductile-to-Brittle Transition
Upon attaining the initial yielding, the bulk of the film under-

goes permanent deformation in the form of plastic strain incre-
ments ��1=s1��, ��2=s2��, and ��3=s3�� in the direction of
the length, width, and thickness of the film, respectively �22�.
Here �� is a dimensionless scalar factor, s1= �	1− p� /	y, s2
= �	2− p� /	y, s3= �	3− p� /	y, and p= �	1+	2+	3� /3. �Note that
the plastic deformation is isochoric, ��1+��2+��3=0.� By sub-
stituting 	1=	a−2T /h, 	2=−2T /h, 	3=0, and 	a=	a

y �where 	a
y

is the apparent tensile yield stress given by the upper branch of
Fig. 2�, we obtain

s1 =
2

3
	1 − 3
 T

h	y
�2

, �2�

s2 = −
T

h	y
−

1

3
	1 − 3
 T

h	y
�2

, �3�

and

s3 =
T

h	y
−

1

3
	1 − 3
 T

h	y
�2

. �4�

Figure 3 shows a graphical rendition of Eqs. �2�–�4� in the form of

plots of the dimensionless quantities s1, s2, and s3 versus the di-
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mensionless thickness h	y /T. As was the case for Fig. 2, the plots
in Fig. 3 are supported on h�hM �	3T /	y.

Consider now the process whereby the film accumulates plastic
deformation, eventually leading to failure in the form of fracture.
According to a well-known failure criterion �14�, the onset of
failure occurs when the equivalent plastic strain �e attains a criti-
cal value �ef that depends on the triaxiality of the stress in the
form

�ef = �0 exp�− p/	e� , �5�

where the subscript “f” stands for “at failure,” �0 is a dimension-
lesss constant, p /	e is a measure of the triaxiality of the stress,
and the equivalent plastic strain is defined by the expression
9�e

2 /2= ���1−��2�2+ ���2−��3�2+ ���3−��1�2. By evaluating
�e with ��1=s1��, ��2=s2��, ��3=s3��, and the expressions
for s1, s2, and s3 given by Eqs. �2�–�4�, we obtain �e=2�� /3;
therefore, the value of �� at failure is �� f =3�ef /2. On the other
hand, by setting 	e=	y and evaluating p with 	1=	a−2T /h, 	2
=−2T /h, 	3=0, and 	a=	a

y �where 	a
y is the apparent tensile yield

stress given by the upper branch of Fig. 2�, we obtain p /	e=−s3.
Since �� f =3�ef /2 and p /	e=s3, we can recast Eq. �5� in the form
�� f = �3/2��0 exp�s3�, and write an expression for the plastic
strain at failure in the direction of the applied stress, ��1f, as
follows:

��1f = �3/2��0s1 exp�s3� . �6�
Figure 4 shows a graphical rendition of Eq. �6� in the form a plot
of ��1f /�0 versus the dimensionless thickness h	y /T. From the
plot in Fig. 4, we conclude that the plastic strain at failure in the
direction of the applied stress �a measure of the apparent ductility
of the film� reaches a maximum thickness h=hR, it diminishes as
the film becomes thinner, and it vanishes for a thickness h=hm.

Our conclusions from the previous paragraph are in accord with
the results of recent experiments on gold films �11�, in which a
ductile-to-brittle transition was documented for a thickness on the
order of 100 nm.

8 Biaxial Loading
To inquire further into the size effect caused by the surface

stress, we now consider a type of experiment known as the bulge

Fig. 3 A plot of the dimensionless quantities s1, s2, and s3
versus the dimensionless thickness, h�y /T. See Eqs. „2…–„4….
test. In the bulge test, a film of thickness h is placed across the
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open end of a circular tube of radius R�h. Then, the pressure of
the air in the tube is increased to a value P, whereupon the film
deflects to form a bulge of height b�R. As a result, the film is
subjected to a biaxial, in-plane isotropic applied stress 	a
= PR2 /4bh� P. In a classic experimental study, J. W. Beams used
the bulge test to determine the apparent yield stress of polycrys-
talline gold and silver films of thicknesses in the range of
200 to 20 nm �15,16�. He concluded that the apparent yield stress
increased monotonically with diminishing film thickness. Thus, in
contrast with the recent experimental studies summarized above, a
reversing size effect was not observed in Beam’s classical experi-
mental study.

To understand this discrepancy, we substitute the principal
stresses of the bulge test �	1=	a−2T /h, 	2=	a−2T /h, and 	3
=0� in the von Mises yield condition, with the result

	a
y

	y
= ± 1 + 2

T

h	y
, �7�

where 	a
y is the apparent yield stress �24�1. Equation �7� predicts a

hardening size effect in the apparent tensile yield stress measured
in bulge tests, as expected. In a 1959 review paper �16�, Beams is
said to have first ascribed the hardening size effect observed in his
experiments to the surface energy. In the same paper, a plot is
shown and attributed to Beams which might be a graphical rendi-
tion of Eq. �7�. Unfortunately, Beams appears not to have pub-
lished the equations leading to this plot. �He subsequently came to
the conclusion that the size effect observed in his experiments
could not be ascribed to the surface energy, because for relatively
thick thin films the predicted size effect fell short of the observed
size effect �16�. It was thought at the time that the observed size
effect should be ascribed to a single reason.�

From our discussion of the bulge test we conclude that, in con-
trast with our results for thin films subjected to a uniaxial applied
stress, the surface stress does not lead to a reversing size effect in
thin films subjected to a biaxial, isotropic applied stress.

1It is straightforward to show that this same size effect is valid for wires. For

Fig. 4 A plot of the normalized plastic strain at failure in the
direction of the applied stress versus the dimensionless thick-
ness, h�y /T. See Eq. „6….
atomistic simulations in ultrathin wires, see, for example, Ref. �24�.
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9 Discussion
We have concluded that in ultrathin, polycrystalline metallic

films the surface stress leads to a size effect in the initial yielding
that depends strongly on the applied stress, in accord with experi-
ments. Where the applied stress is uniaxial, the size effect reverses
for a film thickness hR that can be estimated using values of the
surface stress determined via atomistic methods. The result, hR
�100 nm is in accord with experiments. In addition, we have
predicted that the mode of failure of the film changes from
ductile to brittle for thicknesses close to hR, also in accord with
experiments.

To reach these conclusions, we have used continuum mechan-
ics. Given that the film thickness for which the size effect reverses
is only about 100 times a typical lattice parameter, our conclu-
sions add to a growing realization of the robustness of continuum
mechanics at ultrasmall lengthscales, a realization that has been
commented upon by a number of authors. �For a recent, eloquent
example from the field of microfluidics see �25�.�
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Appendix
In the calculations of Sec. 6 we use the �111� unrelaxed surface

stress computed by the modified embedded atom method and re-
ported in �13�. �In this useful reference, the surface stresses and
surface energies obtained by a number of methods are given for
all fcc metals: Cu, Ag, Au, Ni, Pd, Pt, Al, and Pb. Different meth-
ods lead to comparable results, and the results are in good agree-
ment with the few available experimental measurements.� Note
that this surface stress corresponds to a free-standing crystal and
does not account for the additional elastic stretching undergone by
the surface �as well as by the bulk of the material� as the film is
stressed to the initial yielding. The required correction is negli-
gible, however. In fact, a straightforward application of the atom-
istic model of Nix and Gao �21� allows us to estimate the required
correction as �T�2E�a, where E is the Young’s modulus, � is
the strain associated with the additional elastic stretching, and a is
the lattice constant; for gold we use E�=	y =170 MPa and a
=0.3 nm, with the result �T�0.11 N/m �T=3.41 N/m.

Note also that a small increment in the plastic deformation
brings additional atoms to the surface of the film but does not
cause an additional elastic stretching of the surface �or of the bulk
of the material� �21�. We conclude that the area of the surface of a
film may change as a result of a small increment in plastic defor-
mation, but the surface retains the same structure and remains
equally stretched, so that the energy of the surface changes by
TdA, where T is the surface stress of the free-standing film, and
dA is the change in surface area. As an example of application of
this conclusion, consider a film that undergoes plastic strain incre-
ments d�1, d�2, and d�3 in the direction of L, W, and h, respec-
tively, where d�3=−�d�1+d�2�. The energy of the surface changes
by dWs=TdA=T�2LW�d�1+d�2�+2�L+W�hd�3�=2T�LW− �L
+W�h��d�1+d�2�, the stresses in the bulk of the film perform a
plastic work dW = �	 d� +	 d� +	 d� �LWh, and the applied
p 1 1 2 2 3 3
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traction performs a work dWa=	aLWhd�1. Equating dWa=dWs
+dWp leads to 	1=	a−2T /h�1− �1+L /W�h /L�, 	2=−2T /h�1
− �1+L /W�h /L�, and 	3=0, which under the assumption h /L
�1 simplifies to 	1=	a−2T /h, 	2=−2T /h, and 	3=0, as we
concluded before under the same assumption.
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