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ABSTRACT

A general boundary layer theory for thermoviscoplastic solids which accounts for inertia, rate sensitivity,
hardening, thermal coupling, heat convection and conduction, and thermal softening is developed. In many
applications of interest, the boundary layer equations can be considerably simplified by recourse to
similarity methods, which facilitates the determination of steady-state and transient fully non-linear two-
dimensional solutions. A simple analysis of the asymptotic behavior of the steady-state solutions leads to
a classification of stable and unstable regimes. Under adiabatic conditions, the resulting material stability
criterion coincides with that previously derived by Molinari and Clifton [(1987) Analytical characterization
of shear localization in thermoviscoplastic solids. J. Appl. Mech. 54, 806-812] by a quasi-static, one-
dimensional analysis. The transition from initially stable to unstable behavior can also be conveniently
described by similarity methods. This provides a powerful semi-analytical tool for the interpretation of
impact tests exhibiting dynamic shear bands, and for the characterization of the two-dimensional structure
of such bands. It follows from the theory that, if the velocity of the impactor is held steady, the leading tip
of the shear band propagates at a constant speed. This shear band tip speed follows readily from the
theory as a function of the impact velocity and material parameters. The two-dimensional velocity, stress,
temperature and plastic work fields attendant to the propagating shear band are also determined.

1. INTRODUCTION

Solids deforming at high rates often develop narrow layers of intense shearing. Areas
of application where such layers arise include ultra-high speed machining (Komanduri
et al., 1984), geologic impact cratering (Melosh, 1989 ; O’Keefe and Ahrens, 1993),
and terminal ballistics (Backman, 1969 ; Craig and Stock, 1970 ; Brunton et a/., 1964 ;
Stock and Thompson, 1970 ; Backman and Finnegan, 1973 ; Wingrove, 1973 ; Rogers,
1979). Outstanding features of dynamic shear bands are their thinness, with typical
widths of 10-100 um (Leech, 1985) ; high local shear strains, which can reach values
of up to 100 (Wingrove, 1973 ; Rogers, 1979 ; Timothy, 1987) ; ultra-high local shear
strain rates, often in excess of 10° s~! (Wingrove, 1973 ; Rogers, 1979; Timothy,
1987) ; local temperature rises of several hundred degrees (Costin et al., 1979 ; Hartley,
1986 ; Hartley et al., 1987 ; Marchand and Dufty, 1988 ; Zhou et al., 1995) ; and high
propagation speeds, sometimes in excess of 1000 m s~ (Mason et al., 1994 ; Zhou et

fPresent address : Firestone Flight Sciences Laboratory, California Institute of Technology, Pasadena,
CA 91125, US.A.

251



252 G. GIOIA and M. ORTIZ

al., 1995). In addition, cracks—whether the result of brittle fracture (Backman and
Finnegan, 1973 ; Dormeval, 1987), or of microvoid growth and coalescence (Johnson
et al., 1983 ; Huang, 1987; Giovanola, 1988; Xu et al., 1989; Mason ef al., 1994 ;
Zhou et al., 1995)—often form along shear bands.

The realistic modeling of these problems requires consideration of large plastic
deformations, rate sensitivity, hardening, heat convection and conduction, thermal
softening and inertia effects (Backman and Goldsmith, 1978 ; Wilkins, 1978 ; Zukas,
1990). Fully non-linear multidimensional solutions to problems of this nature are rare
(see Wright and Walter, 1994, for a notable exception). However, the thinness of the
shear layers of interest here makes possible certain approximations in the governing
equations which facilitate the analytical characterization of the flow. The systematic
use of these approximations results in a much simplified set of boundary layer equa-
tions which, in some cases, lend themselves to analytical treatment.

Boundary layer theory is a well-developed discipline as it relates to fluid flows. In
particular, the boundary layers of newtonian and non-newtonian fluids have been
extensively investigated, including thermal effects (Rosenhead, 1963). However, solids
differ from fluids in several notable respects, even when extensive plastic flow is
involved. Thus, solids harden, or sometimes soften with plastic deformation, which
has a marked influence on the nature of the flow. In particular, strong softening can
give rise to material instabilities resulting in plastic flow localization. Also significant
is the fact that the ranges of common physical properties, such as viscosity, mass
density, heat conduction, heat capacity, and others, differ widely from solids to fluids,
which in turn gives rise to wide disparities in behavior.

In this paper, we formulate a general boundary layer theory for thermoviscoplastic
solids which accounts for inertia, rate sensitivity, hardening, thermal coupling, heat
convection and conduction, and thermal softening. In accordance with the flow
character of the solutions sought, we adopt an eulerian description of the motion.
The principal simplifying assumption underlying the theory is that the solution is
rapidly varying across the thickness of the boundary layer, but slowly varying in the
remaining directions. Thus, if the solution varies appreciably over lengths of order L
along directions which are parallel to the layer, then it is presumed to vary appreciably
over lengths of order ¢L across the layer, where ¢ is a small parameter. The reduced
boundary layer equations are obtained by this scaling argument in Section 2.2. The
boundary layer equations of linear momentum balance, energy balance and hardening
follow asymptotically to leading order in ¢. The scaling argument also provides a
physical interpretation for the parameter &, which is found to be a power of a
generalized Reynolds number of the flow. Consequently, the asymptotic regime in
which boundary layer theory applies is characterized, as expected, by high Reynolds
numbers.

We apply the boundary layer theory to the determination of the two-dimensional
structure of dynamic shear bands in thermoviscoplastic solids. For definiteness, we
specifically consider the case of a plate which is impacted upon by a flat-ended, rigid
projectile. When the impact velocity is sufficiently high, a sharp shear band is often
observed to propagate deep into the plate from the edge of the impactor. For instance,
Wingrove (1973) studied the penetration of 2014-T6 aluminum alloy plates by flat-
ended projectiles. Intense shear bands were observed to be punched through the
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thickness of the target from the corner of the penetrator, causing a plug to form.
Shear bands of a similar character were reported in 70-30 brass by Craig and Stock
(1970) at impact velocities of 300 m s~'. The same essential geometry arises in pre-
notched plates dynamically loaded in shear by an impactor which strikes near the
notch (Kalthoff, 1987 ; Kalthoff and Winkler, 1987 ; Mason et al., 1994 ; Zhou et al.,
1995).

While these tests are inherently transient in nature, considerable insight is derived
from an analysis of the steady-state solutions. If a sufficiently high impact velocity is
maintained over a long period of time, a steady boundary layer may become estab-
lished. We assume that the layer is straight and extends in the direction of impact.
Although the boundary layer equations cannot be solved analytically in closed form,
even in the newtonian case, a good deal of analytical progress can nevertheless be
made. In Section 3 we show that the boundary layer equations can be reduced to a
system of ordinary differential equations by the introduction of a similarity variable.
The reduced governing equations can then be integrated numerically by a standard
shooting method, leading to a full characterization of the velocity, stress, temperature
and plastic work fields.

The singularity of these similarity fields can be determined explicitly in terms of
material parameters such as the rate sensitivity, hardening and thermal softening
exponents. The implications of the analysis vis d vis material stability are far-reaching.
For instance, we show in Section 4.1 that steady adiabatic boundary layers lose
stability when the localization condition of Molinari and Clifton (1987) is met. This
loss of stability manifests itself as the collapse of the boundary layer to a vortex sheet
of zero thickness. It should be noted that the Molinari and Clifton (1987) condition
was originally derived in a strictly one-dimensional and quasi-static setting. The
relevance of this condition to the more general geometrical framework envisioned
here attests to the constitutive character of the instability. In Sections 4.2 and 4.3, the
stability analysis is generalized to account for the effect of heat conduction—which is
found to suppress the destabilizing effect of thermal softening—and of non-local
hardening—which is found to suppress the destabilizing effect of mechanical
softening.

In Section 5 we turn our attention to transient boundary layers such as are estab-
lished shortly after a flat-ended impactor strikes a plate. We show that the transient
solutions of interest can be formulated by a natural extension of the similarity methods
developed for the steady case. In particular, the steady similar solutions are subsumed
within the class of transient similar solutions and can be approached by these as a
steady state develops. This provides a convenient framework for investigating the
transition from stable to unstable boundary layers, leading to the development of a
shear band. As a simple model of this transition, we assume that the material initially
exhibits stable behavior characterized by a high rate of hardening, followed by an
unstable regime of low—possibly negative—hardening. The reduction in the rate of
hardening is assumed to occur at a critical accumulated plastic work. Conveniently,
the fields retain similarity throughout the transition. As expected, the critical plastic
work condition is first met at the origin of the boundary layer. Subsequently, the
region where the critical value of the plastic work is exceeded is found to define a
narrow band whose “tip” moves away from the origin at constant speed. This shear
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band tip speed is found to be greatly in excess of the impact velocity, in agreement
with the observations of Zhou et al. (1995). The ratio of the tip speed to the impact
velocity rises steeply as a function of the latter at low impact velocities, also in keeping
with the observations of Zhou et al. (1995), and saturates at high impact velocities.
The tip velocity depends sensitively on material parameters such as rate sensitivity,
rate of hardening and rate of thermal softening. These dependencies, as well as the
two-dimensional transient velocity, stress, temperature and plastic work fields follow
from the theory and are reported in Section 5.3.

2. BOUNDARY LAYER EQUATIONS

Under certain conditions, the plastic flow of solids may be expected to be confined
to layers which are thin relative to all other geometrical dimensions of the problem.
The thinness of the layer makes possible certain approximations in the governing
equations which facilitate the characterization of the flow within the layer. For
fluids, the hypothesis that viscosity effects are significant only in narrow layers, the
thicknesses of which approach zero as the Reynolds number increases to infinity, was
advanced by Prandtl (1904), who also proceeded to compute the simplified boundary
layer equations of motion.

In this section, we formulate similar approximations for thermoviscoplastic solids.
We follow the original method advanced by Prandtl (1904) and Blasius (1908) based
on a consideration of approximate orders of magnitude. In applications, we shall
confine our attention to straight layers. Extensions to flows along curved surfaces and
to flows past bodies of revolution entail the addition to the boundary layer equations
of terms which are geometrical in nature. Detailed accounts of these extensions may
be found in standards texts (see, ¢.g. Rosenhead, 1963) and will not be pursued here.

2.1. Governing equations

We start by writing out the general equations of motion of the solid. In accordance
with the flow character of the solutions to be sought, we adopt an eulerian description
of the motion. Let p be the mass density, v; the eulerian velocity field, s; the stress
deviator tensor, and p the hydrostatic pressure, which we shall take to be positive in
tension. The equation of linear momentum balance is

Ui v, ;) = 554D (H

where commas are used to denote partial differentiation. We shall assume the elastic
strains to be negligible compared to plastic deformations, and the plastic flow to be
volume preserving, so that

v, =0. @
We further postulate the existence of a plastic flow potential D(d, 8, q) such that
éD
Sy = ﬁ s (3)

i
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where d; = (v, ;+v,,)/2 is the rate of deformation tensor, # the absolute temperature
and q is some suitable collection of state variables. For simplicity, we shall restrict
our attention to isotropically hardening solids obeying J,-flow theory. In this case,
the plastic potential D depends on d through the effective plastic strain rate

V= (2dijdij) 'z, (4)

In addition, we choose to identify the sole state variable describing the state of
hardening of the solid with the plastic work

w = J 5., d. 5)

0

For a solid obeying J,-flow theory, (5) reduces to

W= J wdt, (6)

0
where

T =(s;8,/2)"* (N

is an effective shear stress. From (5), it follows that the equation governing the
evolution of w is, simply,

w,tow, =w= sijdij- ®)
The temperature distribution is governed by the energy balance equation
pcO,+v.0,) = g+ Bs;dy. )

where c¢ is the heat capacity, ¢; is the heat flux tensor, and f§ the Taylor—-Quinney
coefficient, which represents the fraction of plastic work converted into heat. The
system of equations is completed by assuming a generalized Fourier law of the form

OE
- 1
gi 0 (10)

where g, = 0, is the temperature gradient and E is a function of g and 6. For ¢, D and
E we adopt the following power-law expressions :

9 q
c=co(9—0>, (1
B 0.0}50 )’ m+1 1 A _6_’
b T m+1 <:/;) (w0> (80>’ (12)
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qgogo (OV (g .
— — < 1
E k+1 (6‘0) <g0> ’ (13)
where we have denoted
n
A= (14)

In (11), ¢, and 8, are reference values of the heat capacity and temperature, respec-
tively, and ¢ is an exponent characteristic of the variation of ¢ with temperature over
the range of interest. In (12), o, is the flow stress, 6,, w, and 7, are reference values of
temperature, plastic work and strain rate, respectively, /, # and m are the thermal
softening, strain hardening and rate sensitivity exponents, respectively, and we have
written g = |g|. In (13), g, is a characteristic heat flux, 6, and g, are reference values
of temperature and temperature gradient, respectively, p is an exponent characteristic
of the variation of G with temperature over the range of interest, and k a thermal
conductivity exponent.

It is sometimes convenient to collect all multiplicative constants in (11)—(13), and
to recast ¢, D and E in the simpler form

A
— g =_-m+1 {7 — k+1 15
c=C#, D a1 0w, E o, (15)

k+1Y
with
C=coy?, A=09"ws"0;', B=qo,"95". (16)

In the newtonian case, which is recovered by the choice of constantsm = 1,n = [ = 0,
A reduces to the viscosity of the medium. In the special case of p = 0, k = 1, which
corresponds to Fourier’s law of heat conduction, B defines the thermal conductivity
of the solid.

Critical aspects of the theory, such as the scaling argument upon which the deri-
vation of the boundary layer equations is predicated, and the ability to obtain simi-
larity solutions, rest upon the assumption of power-law behavior expressed in (11)-
(13). Conveniently, power-law expressions are often used to fit experimental data.
Typical values of the material constants are given in Table 1, in which we have set
Wy = 6¢Ye. The mechanical parameters are taken from Klopp ez al. (1985) and Tong
et al. (1992), whereas the heat transport parameters are either taken directly from
Bayley et al. (1972), or computed from data presented therein. No data could be
found on the thermal conductivity exponent k, and therefore we simply set it equal
to 1. The constant K, = go/g, then defines the thermal conductivity of the solid at the
reference temperature 6,

The deformation processes of interest here involve high rates of shearing, often in
excess of 10° s~'. Therefore, the values of the rate sensitivity exponent m listed in
Table 1 are representative of material behavior in this range. In particular, the
appropriate values of m are considerably higher than those corresponding to low or
moderate strain rates. The thermal sensitivity exponent /is negative for most materials,
which implies softening of the solid with increasing temperature. Positive values of /,
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Table 1. Material constants

Constant Pure Al Iron OFHC Cu
g, (MPa) 125 420 265
8, (K) 295 295 295
Yo 0.05 0.15 0.2
o (571 1.53 10° 4 10° 510°
m 0.254 0.2 0.2

n 0.04 0.085 0

! —-04 —0.6 -0.3
o TKg 'K 888 446 381

q 0.252 0.449 0.147
K,(Wm'K™" 163 554 387
14 0.437 —0.405 —0.081
p (Kgm™) 2700 7800 8950
B 0.95 0.95 0.95

implying thermal hardening, are also observed in some intermetallic compounds, but
this behavior is considered anomalous. The reference strains y, in Table 1 should also
be carefully noted. These relatively large deformations are commensurate with typical
critical strains for localization (Bai and Dodd, 1992). In this range, the rate of
hardening is small and the rate of thermal softening comparatively high. In the early
stages of deformation, higher values of »n and less negative values of / are often
observed (Eleiche and Duffy, 1975; Eleiche and Campbell, 1976), which adds to the
stability of the material.

2.2. Boundary layer equations

Next we proceed to simplify the general equations of motion for a special class of
flows. As in Prandtl’s original work, we seek to characterize solutions which are
rapidly varying in one direction, while being slowly varying in the remaining orthog-
onal directions. As an illustration of how such deformation fields may arise in solids,
consider a plate impacted on one side by a flat-ended impactor traveling at speed U,
Fig. 1(a). Let the x, axis point into the plate from the edge of the impactor, and x,
be the orthogonal direction within the plane of the plate. Imagine cutting the plate
along the x; axis so that its top and bottom parts can slide freely relative to each
other. If we further idealize the material as rigid—plastic in the manner outlined in the
foregoing, the impacted portion of the plate will move rigidly with velocity U, Fig.
1(b). Evidently, the resulting velocity field is incompatible along the x, axis. If U is
sufficiently large, we expect compatibility to be restored through the development of
a thin layer of shearing deformation, or boundary layer, Fig. 1(c).

The equations which determine the structure of boundary layers in ther-
moviscoplastic solids can be obtained by recourse to the following scaling argument.
We begin by assuming that the solution varies appreciably in the x, direction over
lengths of order L, and over the x, direction over lengths of order ¢L, where ¢ « 1 is
a small parameter. Next we proceed to size the various terms in the governing
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®)

boundary layer /

(©)

Fig. 1. Thought experiment illustrating the formation of an internal boundary layer in a solid. (a) Pre-
notched plate impacted by a flat-ended projectile ; (b) incompatible free flow obtained by cutting the solid ;
and (c) internal boundary layer across which continuity of velocities is restored.

equations with a view to retaining those of leading order in ¢ only. For two-dimen-
sional flows, (1), (2), (8) and (9) reduce to

U1 +010 0010 = (S110 + S22 +00)/p, (17)
Va0 02055 = (S201 + 8222+ P2)/Ps (18)
00, +0v,0, +0,0,) = (911 +¢22)/pC+ P(s1,dy | +522d504+25,,d,,)/pC,  (19)
W+ W 0wy = 5),d) | + 520000 +25),d, 5, (20)
v+, =0. (21)

Equation (21) is satisfied by writing the velocity field as
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vy =Y, va=—Y,, (22)
in terms of a flow potential . Introduce the scaled variables
LA il_ A 12— / —_ ﬂ LA lp
xl'—'La xZ"sLa Z—Lv '/’ —GUL, (23)

where U is a velocity characteristic of the free flow. Then, the velocity field (22) takes
the form

v, = Uv), v, =eUth, (24)
where the normalized velocities
vy =Yy, Vy=—Y, (25)

are O(1) quantities. Here and subsequently, the notation () ; is used to denote partial
differentiation with respect to x7. It follows from (24) that, within the boundary layer,
v, is negligible compared to v,. Similarly, we can scale the components of the rate of
deformation tensor, with the result

1
di, =(UIL)vY, ., dypy =(U/L)yy, dyy = ;(U/L)(;U’l,z'-i-sv/z,l') (26)
To leading order in ¢, d,, and d,, are negligible and
1
diy ~ 2—£(U/L)v’.,2«. 27)
In addition, the effective strain rate reduces to

1
y~ (UD)vi 2], (28)

Next, we proceed to scale (20) governing the evolution of the hardening variable
w. To this end we start by assuming that 6 and w are quantities of order ¢ and ¢,
respectively, where 4 and u are as yet unknown coefficients. Additionally, let T and
W denote characteristic values of  and w, respectively. Then, the scaled variables

o =etm, W= ELKV 9)

are of O(1). In terms of scaled variables, the left hand side of (20) becomes
Wt 0w, +0aw, = e W(U/L)(W, + 01w/ +v5wly). (30)

Inserting (29) into (3) and taking into account the assumed power-law behavior
described by (12), the components of the stress deviator tensor are found to be, to
leading order in &,

Si o~ ETISS, S ~ eSSy, sy, ~ 0S50, (31)

where
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S=AU/LY"W*"T', (32)
T R Y PR L P I L P
(33)
and
o= —m+ui+Al. (34)

It is apparent from (31) that s, is the dominant component of the stress deviator
tensor. From (27) and (31) it follows that, to leading order, the plastic work rate
reduces to

sijdij ~ 2851,d; ~ ga_l(U/L)SsluU’l.z'- (35

The exponent p is obtained by requiring the leading terms on both sides of (20) to be
of the same order in ¢, which yields the relation

p=a—l. (36)
This completes the scaling of (20) which, to leading order, simplifies to
W +0IW 0w, = 881,07 37

In a similar way, we proceed to scale the energy balance equation (19). The source
term is proportional to the plastic work rate, the scaled form of which is given by
(35). With the aid of (29a), the convective terms on the left hand side of (19) can be
written in the form

00, 40,0, +v,0,) = V(UL T 070, +01 8, +030'). (38)

Finally, the order of the heat flux components can be ascertained by inserting (29a)
into the generalized Fourier law (10), which yields

p+k Tp+k
g, ~&"'B A ¢'B T (39)
where
og -1 ot o0’ =1 oo’
A 9/1; i . hadn 4
a 0x’ ox’ > =0 x5 x5 (40)
are O(1) quantities and
3=Ap+(A—1Dk. (41)
From (39), the two terms in the divergence of the heat flux follow as
p+k
qiq ~e'B qi1s (42)

Lk+1
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p+k

G2 ~ & IBWQ,M'- (43)
Clearly, g, , furnishes the dominant contribution to the divergence of the heat flux.

At this point, the critical question arises whether heat conduction or convection
dominates asymptotically. In general, it is not possible to balance all three exponents
of ¢ when (43), (38) and (35) are inserted into the energy equation (19). Therefore,
either the convection term (38) or the conduction term (43) must dominate asymp-
totically as ¢ — 0. In the former case, a balance is established between the rate of heat
generation by plastic dissipation and the rate at which cold material is convected into
the boundary layer. In the latter case, the heat generated diffuses out of the boundary
layer by conduction. Which heat transport mechanism dominates is determined by
the relative order of the convection and conduction terms in the energy equation.
Thus, conduction (convection) is dominantif 3 —1 < A(g+1) (3—1 > A(g+1)). Since
both cases are possible, we proceed to analyze them in turn.

Assume that conduction is dominant. Then, matching the exponents of ¢ in (35)
and (43) we obtain

a=39, (44)

which, in conjunction with (36), determines A and g as functions of k, /, m, n and p.
The result is

_ m+a+k@A-1) _(ptR)m+ ) —(k+ 1)/
i_(p+k)(ﬁ—l)+l’ H= " orla—n+1 “3)
whereupon (19) reduces to
e (46)

~ @LTI (L

If, on the contrary, we assume convection to be dominant, balancing the exponents
of ¢ in (35) and (38) results in the relation

= A(1+q), 47)

which, together with (36), gives

m+f m+1(g+1)—!/
=0 T T 48
CERV GV EN) # g+DHA-1)+! (48)
Then, (19) reduces to
4 ’ ’ 4 4 4 S ’ ’

00 000 = s 49)

Equations (45) and (48) render the scaling (29) of 6 and w determinate. For given
material constants the exponents 3—1 and A(g+ 1) can be computed from (45) and
(48) and compared to determine whether convection or conduction is dominant
asymptotically.
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Finally, we proceed to scale the equations of linear momentum balance, (17) and
(18). Using the normalization (24), the forces of inertia can be readily written in the
form

Uz ’ ’ ’ 7
Ui t0100, + 020, = T(v’l,r'+U101,1’+Uzl’1»2')a (50)

2
Uy + 0102 F0305, =& I3 o, +v105 1 0505 5). (51)

To leading order in &, the derivatives of the components of the stress deviator tensor
follow from (33) as

Spa ~ET =810, ~& ' =570, ~ &S0y S22 ~E S Shya
1,1 7o S12,2 75122 S21,1 1201 22,2 15222

(52)

Clearly, s,, ; is negligible compared to s,,, and, consequently, (17) reduces to

’ ’ 7 a— 1 S s ’
Vip+0107 1 +050 2 =€ 2 NP o) AN (53)
pU
where we have set
p )4

= 54
P U (54)

which renders p, of the same order in ¢ as the inertia forces.

At this point, we note that the value of « = 1 is incompatible with (36) in general.
Since the various normalized terms in (53) are of O(1), it therefore follows that
£ 1S8/pU? must itself be of O(1). Without loss of generality, we can set &*~'S/pU? = 1.
This identification provides a physical definition for the small parameter ¢, namely,

g =RV, (55)
where
U2
=" o (56)

We can now write (17) in the scaled form

Vi HUI0L 0O = Sta0 Pl (57)
whereas from (51), (52) and (54) the scaled form of (18) is found to be
P2 =0. (58)

The scaling of (17)—(21) is thus completed. It bears emphasis that, as a by-product of
the scaling argument, a precise physical definition of the small parameter ¢ is obtained.
For later reference, we proceed to collect the boundary layer equations derived






