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In this paper, we present a well-posed two-point boundary value problem framework for
computing, via continuation, the steady states of interconnected vapor compression sys-
tems. We illustrate the ease and utility of our approach by employing the path following
software AUTO to compute steady solutions of an experimental air-to-water heat pump
that uses CO2 as a refrigerant. We validate some of the computational solutions against
the experimental data and carry out continuation and bifurcation analysis in external
parameters of practical interest. The results of these computations show that multiple and
qualitatively distinct distributed steady-state solutions can arise for the problem, and that
our approach provides for a simpler alternative to the much harder problem of dynamic
simulation. �DOI: 10.1115/1.2447237�
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Introduction
Modeling and analysis of dynamic and steady behavior of tran-

critical vapor compression systems using carbon dioxide CO2 as
refrigerant has been a focus of much recent research interest �see

hesis work of Rasmussen �18�, Bauer �2�, Hwang �10�, and Rob-
nson �21�� because of automotive �13,8�, and heating, ventilation,
nd air-conditioning �HVAC� �19� applications �6�.

The study presented in this paper is motivated by multiple
teady state behavior exhibited by an industrial vapor compression
eat pump; see Sec. 2. Some of these states yield sub-par perfor-
ance and are thus undesirable. Current state-of-the-art in com-

utational modeling and analysis of these systems uses dynamic
imulations; Modelica based libraries for components of these
ystems are presented in Ref. �16�. This, however, is a challenging
umerical problem because of the presence of numerous intercon-
ected nonlinear distributed and lumped elements. A typical such
ystem consists of at least five components: axially distributed
eat exchangers: �1� gas cooler, �2� evaporator, and �3� water
eater elements, and lumped �4� compressor and �5� expansion
alve elements �see schematic in Fig. 1�. Dynamical simulations
f distributed interconnected components require the numerical
olution of a system of differential algebraic equations, a chal-
enging task. A typical compromise is to either simulate a single
omponent with appropriate boundary conditions with a high de-
ree of accuracy �2,15� or use control-oriented reduced order
odeling approaches �7,17,9� for a systems level description. The

ormer approach is of limited relevance for the analysis of the
nterconnected vapor compression systems while the latter ap-
roach misses any distributed phenomena. Heat exchangers are
ypically long tubes that maximize the heat exchange area be-
ween two fluid paths. Analysis of distributed systems with mod-
ls having only a few lumped states is approximate. Moreover,
here multiple stable and unstable steady states are present, dy-
amic simulations will miss any unstable ones. We believe that
harting out both stable and unstable steady states is important
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to understanding transitions between states, as seen in the
experiment.

In addition to dynamic modeling of these systems, steady-state
approaches have been considered in the literature for obtaining
solutions and for system optimization purposes; see the review
paper of Browne-Bansal �4�. Robinson-Groll �20� obtain steady
solutions for an air–air heat pump using finite elements to dis-
cretize the distributed gas cooler and evaporator elements. Yin
et al. �24� consider a similar finite-element approach for evaluat-
ing capacity of a gas cooler component model. Distributed com-
ponent modeling of an evaporator also appears in Bauer �2� who
considers a control volume discretization. Additionally, several
authors �for e.g., Bourdouxhe et al. �3�, Hwang �11�, White et al.
�23�, and references noted in Ref. �4�� have obtained steady solu-
tions by suitable lumped approximation of distributed compo-
nents. In their review paper �4� on modeling and simulation of
vapor compression systems, Browne–Bansal note that “�available
steady-state� models either focus on one particular component in
the system or take a very simplified �or a black-box� approach for
the component submodels.” The authors call for a “global ap-
proach, whereby detailed component models are linked together
to develop an accurate and complete simulation model package of
a vapor compression chiller.”

The computational approach presented in this paper belongs to
the category of steady-state approaches, providing a complete
analysis of multiple stable and unstable steady states of axially
distributed vapor compression systems in a systematic manner. In
contrast to the earlier approaches, we focus on the properties of
the equations describing the steady model of the whole system
rather than on discretization of individual system components.
Suitable manipulation of the equations produces a closed two-
point boundary value problem for a system of ordinary differential
equations �ODEs� for which off-the-shelf continuation and bifur-
cation software such as AUTO �5� can be conveniently used. We
construct a computational model of the experimental vapor com-
pression system and carry out continuation and bifurcation analy-
sis to obtain multiple distributed steady-state solutions. We vali-
date some of these solutions with the experimental results.

The outline of this paper is as follows. In Sec. 2, we describe

the experimental setup of an air-to-water heat pump that moti-
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ated the modeling and computational work presented in this pa-
er. In Sec. 3, we present a steady-state model together with a
ramework for computing solutions. In Sec. 4, we present the
umerical results, compare these with the experiment, and use
ontinuation to analyze the effect of parameter variations. Finally
e draw some conclusions in Sec. 5.

Experimental Setup and Observed Behavior
Although the computational approach presented in this paper is

pplicable for a class of vapor compression systems, it is pre-
ented here for a particular experimental setup, for which the nu-
erical investigation is also carried out. Figure 1 depicts the sche-
atic of the experimental setup, an air-to-water heat pump, that

ses carbon dioxide �CO2� as a refrigerant. It consists of a gas
ooler that transfers heat from CO2 to water �whose flow rate is
ontrolled�, an expansion valve that is used to lower the pressure
f the cooled gas, an evaporator that adds heat to the gas �from the
urrounding ambient air�, and finally an electrically operated com-
ressor that completes the heat pump cycle. In addition, there is
n accumulator at the compressor inlet which collects any CO2
till in the liquid phase. The system is nominally operated under
losed-loop control, where the water flow rate and the electronic
xpansion valve are controlled to track set points of output water
emperature and compressor output pressure. The two main dis-
urbances to the system are variations in the air temperature TAIR
nd in the inlet water temperature T0. It is the function of feed-
ack control to reject these disturbances.

The system of Fig. 1 is quite generic for vapor compression
ystems; Very similar schematics appear in Refs. �3,4,7,17,20�
aving said that, details of individual experiments are almost al-
ays different: Refrigerants may be different �but works cited
ere all use CO2�, or details of compressor and expansion valve
odels may be different, or the type of heat pump application
ay be different �air–air or water–water heat pumps�. It is not our

ntent here to promote up-to-date component models, a very chal-
enging problem given the empirical nature of particularly the
ompressor and expansion valve models �10�. Rather, we describe
novel approach for steady-state computations that is relevant to

xially distributed modeling and computations for typical inter-
onnected vapor compression systems.

Before presenting the approach, we briefly present some of the
xperimental results that serve as motivation for the computa-
ional work. Closed-loop experiments with the unit show that on
tartup, after a brief period of transients, the system typically
ettles into a steady response—as determined by its sensor out-

ig. 1 Schematic representation of the experimental CO2 air–
ater heat pump
uts. Figure 2 shows the cycles on the �p ,h� phase diagram of the

ournal of Computational and Nonlinear Dynamics
medium. Two distinct responses are seen: �1� an efficient thermo-
dynamic cycle; and �2� an inefficient one. Under efficient opera-
tion, the heat pump provides many units of energy to the hot water
per unit of electrical energy consumed by the compressor while
during the inefficient cycle, this ratio �COP� becomes close to 1. It
was observed that the transition between the two cycles can be
abrupt. A continuous degradation of COP as the normal ambient
temperature conditions change into arctic is expected, but experi-
mental evidence suggests that even small perturbations in operat-
ing conditions can cause the system to transition into an inefficient
cycle. Figure 3�a� depicts the efficiency of the unit �COP� and Fig.
3�b� shows the temperature sensor outputs under two startup situ-
ations. In these figures, as in the remainder of this paper, we do
not provide the actual numbers on the axes because of the propri-
etary nature of our experiment. We note, however, that the figures

Fig. 2 Experimentally observed inefficient and efficient ther-
modynamic cycles „for similar nominal operating conditions….
During the inefficient cycle, there is a lack of the so-called free
energy absorbed from the air in evaporating the CO2 in the
evaporator.

Fig. 3 Experimentally observed: „a… coefficient of performance
„COP…; and „b… temperature sensor outputs for the efficient and
inefficient cycles during startup „T0 denotes the inlet water
temperature and T0

nom is it’s nominal value, Tset is the set-point
out
for exit water temperature Th2o…
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epicting the CO2 cycles will include isotherms and the saturated
apor line in the background. The figures depicting COP will
ndicate where its value is 1. The figures depicting air and water
emperatures will indicate their nominal values. This will serve to
rovide qualitative comparisons. Where the comparison between
xperiment and numerics is given, quantitative error percentages
ill be provided.
There are two observations to be made regarding the experi-
entally observed system response: �1� the response is steady;

nd �2� the response shows multiple solutions. This led us to the
odel-based bifurcation analysis of the steady solutions of sys-

em, results of which are summarized in this paper.

Computational Modeling
In this section, we summarize the steady-state model equations

or the experimental problem. We use a steady version of standard
omogeneous equations for mass, momentum, and energy �1� to-
ether with constitutive relations for the two-phase CO2 �14� to
odel the distributed gas cooler and evaporator elements and

teady equations to model the lumped compressor and expansion
alve. The novelty of the approach is to cast the model equations
or the interconnected system as a two-point boundary value prob-
em with constraints. In particular, we formulate the computa-
ional problem for the interconnected system as

da�

dx
= f�a� � for x � �0,1�

g�a� �0�,a� �1�� = 0 �1�
two-point boundary value problem in a suitably normalized in-

ependent axial variable x. Here, the symbol a denotes the vector
f states for only the distributed components of the systems, viz.,
he gas cooler, the evaporator, and the water heater components.
he right hand side f is a suitably manipulated right hand side of

he momentum and energy balance equations of these compo-
ents. The steady equations of the lumped components, viz., the
ompressor and the expansion valve, collectively denoted g�. , . �
0, provide boundary conditions of the two-point boundary value
roblem �BVP�. We show that the resulting problem is not well
osed, in the sense that there are additional scalar unknowns.
owever, these unknowns are accompanied by additional

onstraints—that naturally arise—which provide closure to the
ystem of equations. We further show how steady-state effects of
eedback controllers present in the experiment can also be seam-
essly incorporated. Each single-input–single-output �SISO� con-
roller leads to an additional constraint together with an accompa-
ying unknown—the control output. This results in a
omputationally tractable systematic approach for carrying out
teady-state analysis of practical interconnected vapor compres-
ion system such as our experiment. This is important because we
ould like to able to compute the steady solutions that have been

xperimentally observed. The two-point constrained BVP formu-
ation is also convenient as off-the-shelf continuation and bifurca-
ion software, such as AUTO �5�, can then be used for carrying
ut detailed continuation and bifurcation analysis.

3.1 Steady Equations. We begin by modeling the distributed
as cooler and evaporator components. For CO2, the variables of
nterest are density �, pressure p, enthalpy h, velocity u, tempera-
ure T, entropy s, and flow rate

F =
def

�uA �2�

here A is the constant cross-sectional area of the distributed
lement. Using this notation and homogeneous models �1�, the
hree one-dimensional �1D� steady-state balance laws for mass,

omentum, and energy are

�F
= 0 �3�
�x

34 / Vol. 2, APRIL 2007
F
�u

�x
= − A

�p

�x
− LfF�u� �4�

F
�h

�x
= − Q�x� �5�

respectively, where the loss coefficient Lf models the pressure loss
due to friction �see for e.g., �6� for semi-empirical formulae�; and
Q denotes the heat exchanged with the surroundings. The balance
laws Eqs. �3�–�5� together with the constitutive relationships

� = ��p,h� �6�

T = T�p,h� �7�

s = s�p,h� �8�

are used to model the gas cooler and the evaporator components.
In either of these components, because of Eq. �3� and the fact that
neither the compressor nor the valve store any mass we have

F�x� � F �9�

i.e., a constant, though not a priori known, CO2 flow rate. We
assume pressure p and enthalpy h to be the state variables and
express the momentum and energy balance laws in these state
variables as

�p

�x
= −

F�h

�F2�p − A2�2�
Q + Lf

F2�

�F2�p − A2�2�
�10�

F
�h

�x
= − Q�x� �11�

where Eq. �6� is obtained from substituting Eqs. �2� and �6� into
Eq. �4�; and �p and �h denote partials of the constitutive relation-
ship Eq. �6� with respect to p and h, respectively. Such a repre-
sentation, where the velocity u has been eliminated and instead
replaced with �constant� flow rate F together with density � and its
partials—dependent only upon the states via the constitutive
relationship—is useful in obtaining the computational approach.
The two Eqs. �10� and �11� together with the constitutive relation-
ships and appropriate boundary conditions describe the steady-
state behavior of either the gas cooler or the evaporator. For the
interconnected system, the appropriate boundary conditions arise
because of the compressor and the expansion valve equations.

We use the notation �pE ,hE� for evaporator and �pG ,hG� for gas
cooler; Q=QG for gas cooler and Q=QE for evaporator. These
variables are axially distributed and their terminal values, viz.
�pE�LE� ,hE�LE�� and �pG�0� ,hG�0�� are input and output variables,
respectively, for the compressor. Similarly, �pG�LG� ,hG�LG�� and
�pE�0� ,hE�0�� are input and output variables, respectively, for the
expansion valve; LE and LG denote the axial lengths of the evapo-
rator and gas cooler, respectively. Using these terminal values, we
model the mass and energy balance �17,22� for the compressor as

�E�LE��V�vol�r� = F �12�

�hG�0� − hE�LE���isen�r� = �hisen − hE�LE�� �13�

where � is the angular velocity of the compressor shaft; �V is the
ideal volumetric flow rate of the compressor; hisen denotes the
enthalpy at the compressor output if the transition from inflow to
outflow in the compressor were isentropic, i.e.

s�pE�LE�,hE�LE�� = s�pG�0�,hisen� �14�

and �vol�r�, �isen�r� are �pressure ratio r= pG�0� / pE�LE� depen-
dent� volumetric and isentropic compressor efficiency characteris-
tics. The two expansion valve equations are modeled as �see for
e.g., Ref. �17��

E G G
h �0� = h �L � �15�

Transactions of the ASME
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��E�0� + �G�LG��
2

cAVpos�pG�LG� − pE�0�� = F2 �16�

here Eq. �15� expresses modeling assumption of isenthalpic
alve and Eq. �16� is a Bernoulli equation for momentum balance;
AVpos is the �discharge� valve coefficient.

We assume that water does not change its state as it is heated
nd model the energy exchange between the gas cooler and the
ater heater as

CvFh2o
�Th2o

�x
= QG �17�

here Cv denotes the water specific heat, and QG the heat ex-
anged with the gas cooler. For water, there is also a boundary
ondition

Th2o�0� = T0 �18�

e next write an expression for heat exchanged with the sur-
oundings for evaporator

QE�x� = Aexch
E �E�TAIR − TE�p,h��x�� �19�

nd for the gas cooler

QG�x� = Aexch
G �G�Th2o�x� − TG�p,h��x�� �20�

here Aexch
* are the contact areas; �* are the heat transfer coeffi-

ients; TAIR is the ambient air temperature; and Eq. �7� is used to
valuate T=T�p ,h�. The heat transfer coefficient �G for gas cooler
s assumed to be a constant while for the evaporator, where the
O2 fluid is in two phase, �E=�E�h� is modeled using an empiri-
al relationship—the so-called modified Bennett–Chen’s relation-
hip described in Ref. �10�.

Finally, in order to obtain a consistent set of equations for the
urpose of our computational approach, we make a coordinate
hange x→LGx� for the gas cooler and water heater equations and
→LEx� for the evaporator. In the normalized coordinate, we ex-
ress states as p��x��= p�x� and h��x��=h�x� to obtain the modi-
ed version of the two equations of state, Eqs. �10� and �11�,
xpressed in their functional form

�p�

�x�
= fp�p�,h�;�� �21�

�h�

�x�
= fh�p�,h�;�� �22�

here ��Rn is a vector of external parameters. We carry out a
imilar normalization of the independent coordinate for Eq. �17�
nd denote the right hand side of the resulting equation by symbol

fT.

3.2 Boundary Value Problem. After making the coordinate
hange to the normalized coordinate �and dropping primes�, the
quations of state for the heat pump consists of five ODEs

�pE

�x
= fp�pE,hE;TAIR� �23�

�hE

�x
= fh�pE,hE;TAIR� �24�

�pG

�x
= fp�pG,hG,Th2o� �25�

�hG

= fh�pG,hG,Th2o� �26�

�x

ournal of Computational and Nonlinear Dynamics
�Th2o

�x
= fT�pG,hG,Th2o� �27�

together with five boundary conditions, expressed in the normal-
ized coordinate as

Th2o�0� = T0 �28�

�E�LE��V�vol� pG�0�
pE�1� � = F �29�

�hG�0� − hE�1���isen� pG�0�
pE�1� � = �hisen − hE�1�� �30�

hE�0� = hG�1� �31�

��E�0� + �G�1��
2

VposcA�pG�1� − pE�0�� = F2 �32�

Figure 4 schematically depicts the above two-point boundary
value problem with the independent coordinate x. For a given F
and hisen, the above constitutes a two-point BVP with five equa-
tions in five unknowns y= �pE ,hE , pG ,hG ,Th2o�. Since the
flow rate F and hisen are both unknowns, there are two additional
equations

s�pE�1�,hE�1�� = s�pG�0�,hisen� �33�

	
0

LE

�E�pE,hE��x�dx AE +	
0

LG

�G�pG,hG��x�dx AG = M0

�34�

that yield a closed system with unknowns 
y�x� ,F ,hisen�. The lat-
ter Eq. �34� expresses the mass conservation of CO2 in the system,
M0 being the mass of CO2 circulating in the system.

In the experiment, however, there is an accumulator that drains
any liquid at the compressor inlet and the circulating amount M0
may change with the operating condition. One approach, that we
take here, to model the effect of the accumulator is that the exit of
the evaporator always remain on the saturated vapor curve in the
CO2 phase diagram �see Fig. 5�. Mathematically, this is accom-
plished by substituting Eq. �34� with

��pE�1�,hE�1�� = 0 �35�

where ��p ,h� is the parametric representation of the saturated
vapor curve. In this case, the mass of CO2 in the system is given
by Eq. �34� and may well vary as an external parameter is varied.
Physically, this corresponds to the liquid mass that is lost to the
accumulator as a result of the constraint Eq. �35�.

3.3 Feedback Control. The computational approach also al-
lows us to include the two feedback controllers present in the
experiment as additional constraints:

Fig. 4 Schematic representation of the two-point boundary
value problem
1. In steady-state, the expansion valve control is

APRIL 2007, Vol. 2 / 135
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Vpos = Vpos
0 + Kc�pG�1� − pset� �36�

where Kc is the control gain and Vpos
0 , pset are the nominal

values chosen to regulate the exit compressor pressure.
2. In steady state, the water flow rate control is

Fh2o = Fh2o
0 + KT�Th2o

out − Tset� �37�

where KT is the control gain; and Fh20
0 ,Tset are the nominal

values chosen to regulate the exit water temperature Th2o
out

=Th2o�1�.

The control gains are obtained by using the steady-state value
or the proportional integral differential �PID� controllers used in
he experimental system. Mathematically, the presence of two
ontrollers leads to two additional Eqs. �36� and �37� and two
dditional unknowns Vpos ,Fh2o.

The ease with which additional equations pertaining to feed-
ack control can be incorporated systematically into the frame-
ork illustrates the flexibility of the computational approach.

3.4 Constitutive Relationship. The constitutive relationship
qs. �6�–�8� exists in the form of a table obtained using the soft-
are REFPROP �14�. For any given �p ,h�, the values of

T ,s ,� ,�p ,�h� are linearly interpolated from the table. Figure 5
epicts the isotherms together with the regions of liquid, gas, and
wo-phase CO2. The saturated vapor curve separating the two
hase and the gaseous regions is parametrically obtained as

p = 7.36 � 106�1 − 12.5� h

3.4 105 − 1
2.5� �38�

nd is used to derive the constraint Eq. �35�. The parametric curve
pproximates the saturated vapor line quite reasonably for actual
perating points. At very low pressures, the approximation dete-
iorates but these points are not important.

3.5 Problem Parameters. Table 1 summarizes the problem
arameters whose nominal values are needed. These values are
btained from physical considerations; the lengths and areas are
btained from experiments, the physical properties of CO2 are
sed to derive the values of heat transfer coefficients, and experi-
ents are used to obtain compressor efficiency characteristics. We

efer the interested reader to Refs. �10,20� for discussion on se-
ection of some of these parameters. The two parameters, inlet
ater temperature T0 and air temperature TAIR, are used as con-

ig. 5 Constitutive relationship for CO2 showing isotherms
nd the „approximation of… saturated vapor line
inuation parameters that are varied.

36 / Vol. 2, APRIL 2007
4 Results
In this section, we apply the computational framework to obtain

results for the model-solution 
y�x� ,F ,hisen ,Vpos ,Fh2o� for BVP
Eqs. �23�–�27�, boundary conditions Eqs. �28�–�32�, constraints
Eqs. �33� and �35�, and constraints due to control Eqs. �36� and
�37�. We use the software package AUTO �5� to carry out com-
putations. AUTO has the capability to continue and locate bifur-
cations of the solutions of constrained two-point BVPs. A well-
posed BVP with as many boundary conditions as first-order ODEs
is discretized in AUTO using the method of orthogonal colloca-
tion. A solution curve for the resulting square system of algebraic
equations is continued in a single parameter using the method of
arc-length continuation employing Newton iteration �12�. The dis-
cretized state, say yd and the parameter � are parametrized as
�yd�s� ,��s�� where s denotes the arc length continuation param-
eter and � is the external scalar parameter. For this purpose, an
initial solution x�0� for some given parameter value ��0� is
needed for the continuation to begin.

In the examples presented below, there are four “extra” con-
straints relative to the number of ODEs and the parameters
�F ,hisen ,Vpos ,Fh2o� are then the four “extra” unknowns which
make the discretized algebraic system closed �square�. The param-
eterization for the arc-length continuation is then given as
�yd�s� ,��s� ,F�s� ,hisen�s� ,Vpos�s� ,Fh2o�s�� where s as before de-
notes the arc length continuation parameter. COP defined as a
ratio of useful energy to electrical energy �used to drive the com-
pressor� is used as a solution measure.

4.1 Homotopy. Arc-length continuation requires a solution of
the BVP for some initial choice of parameter value—a difficult
proposition for the nonlinear constrained boundary value problem
considered here. One solution that can be analytically written cor-
responds to the flow rate

F = 0 �39�
however, at this limit the BVP is singular �coefficient of highest
order term in Eq. �11� is zero�. The solution thus is not useful for
continuation. Any other solution with nonzero flow rate F is not

Table 1 Physical parameters in the CO2 model

Component Parameter Description

Gas cooler LG axial length
AG cross-sectional area
Lf

loss coefficient
�G heat transfer coefficient

Aexch
G exchange area �heat xfer�

Evaporator LE axial length
AE cross-sectional area
Lf

loss coefficient
�E heat transfer coefficient

Aexch
E exchange area �heat xfer�

Water heater LG axial length
CV

specific heat
Fh2o

water flow rate

Th2o
out exit water temperature

Compressor �V ideal compressor flow rate
�vol

volumetric efficiency
�isen

isentropic efficiency
Expansion valve cAVpos

valve discharge coefficient
Control Vpos

0 nominal valve position

pset
set-point pressure

Fh20
0 nominal water flow rate

Tset
set-point water exit temperature

Kc
control gain �expansion valve�

KT
control gain �water valve�
easy to compute for the lossy BVP with an active compressor

Transactions of the ASME
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lement. This difficulty also explains the reason for the
umerical—as opposed to the analytical—nature of our
nvestigation.

In order to obtain an initial solution point, we assume control-
ers are inactive and construct two homotopies to the problem:

1. Loss homotopy to a lossless �Lf =0� gas cooler and evapo-
rator components; and a

2. Compressor homotopy to an idealized �but unphysical�
“iso-enthalpic” compressor, where the enthalpy at the com-
pressor output is assumed to be equal to the enthalpy of the
compressor input.

dditionally, the feedback conrollers are assumed to be inactive,
.e., KT=Kc=0. For a lossless, iso-enthalpic compressor, we first
ick a nonzero value of flow rate F and a uniform enthalpy H0 for
he initial solution, i.e.

hG�x� � hE�x� � H0 �40�

onsistent with this, we have zero heat exchange

QG�x� � 0

QE�x� � 0 �41�

or both the gas cooler and the evaporator elements—such a so-
ution satisfies the energy Eq. �11�. For such a solution

pG�x� � PG �42�

pE�x� � PE �43�

atisfies the lossless momentum balance Eq. �10�, where PG and
E are constants obtained by solving �using MATLAB function
all fminsearch� the two nonlinear Eqs. �29� and �32�

��PE,H0��V�vol�PG

E
 = F �44�

Fig. 6 The numerically obtained therm
obtained efficient cycle „for nominal v
lists the relative errors expressed as
temperature sensor readings for CO2
the figure….
P
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���PE,H0� + ��PG,H0��
2

VposcA�PG − PE� = F2 �45�

Finally, the values of T0 and TAIR—that provide the above
solution—are obtained as

Th2o�x� � T0 = T�PG,H0� �46�

TAIR = T�PE,H0� �47�

The thermodynamic cycle corresponding to this initial solution
point arises as a vertical jump on the �p ,h� diagram where the
pressure created by a compressor is released by a the valve with-
out any change in enthalpy.

4.2 Computations. The objectives of the computational study
are to

1. Validate the model on the efficient cycle obtained in the
experiment;

2. Determine, via continuation, the effect of external parameter
variations �in TAIR and T0� on the system performance; and

3. Understand the experimentally observed transition from the
efficient to inefficient cycle.

For the continuation study, we choose the constraint Eq. �35�
which ties the inlet compressor state to the separatrix and models
the effect of accumulator as discussed in Sec. 3.

We begin by obtaining the initial solution point for the homo-
topic limit of lossless distributed elements, iso-enthalpic compres-
sor, and inactive controllers. Subsequently, we employ homotopic
continuation to obtain a solution for the lossy system with real
compressor and with the two controllers active. Next, we continue
in the parameter TAIR and then in the parameter T0 to obtain the
nominal solution for the external parameter values TAIR=TAIR

nom and
T0=T0

nom—these are the values for which experimental data exists.
Figure 6 compares the cycle for the numerical solution with the
experimentally obtained efficient cycle. The adjoining table tabu-

ynamic cycle and the experimentally
es of T0=T0

nom, TAIR=TAIR
nom

…. The table
rcentage—here „P1 ,T1… are pressure,
Station 1 „Stations 1–4 are shown in
od
alu
pe
at
lates the relative error between the experimental readings and the
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orresponding values for the numerical solution.
We next determine the effect of variations in the two external

arameters, inlet water temperature T0, and air temperature TAIR
n system performance. Figure 7 parts (a) and (b) depict the con-
inuation diagrams as the parameters T0 and TAIR are varied. The

ig. 7 COP as the solution is continued in the primary con-
inuation parameter: „a… inlet water temperature T0; and „b… air
emperature TAIR; the numbers correspond to distinct cycles
hown in the Fig. 8

ig. 8 Cycles as the solution is continued in the primary con-
inuation parameter: „a… inlet water temperature T0; and „b… air
emperature TAIR

Fig. 9 Distributed profiles of water temperature Th2o„x… as the
inlet water temperature T0; and „b… air temperature TAIR; “x”

direction
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cycles corresponding to the numbered solution points are shown
in Fig. 8 parts (a) and (b), respectively. The number 1 always
corresponds to the cycle for the nominal temperature and param-
eter values. This allows one to compare solutions across separate
continuation diagrams.

The distributed water temperature profiles for the two continu-
ations appear in Figure 9. The location of the collocation points is
also shown in the figure, illustrating the need for adaptive griding,
used here, to resolve the longitudnal gradients whose location and
size depend on the continuation parameter. Discretizations done a
priori would have difficulty with convergence, particularly where
the spatial profiles undergo a drastic change as fronts move from
the exit of the water heater to the inlet of the water heater as in
Fig. 9. We note that the feedback controller ensures that the exit
water temperature is regulated at the set point Tset by controlling
the water flow rate; see Fig. 10 for the continuation diagram of the
controller water flow rate.

The continuation study shows efficient cycles with high COP
values for nominal operating conditions where inlet water tem-
perature T0=T0

nom and air temperature TAIR=TAIR
nom. In accordance

with expectation, the COP deteriorates as either the inlet water

lution is continued in the primary continuation parameter: „a…
otes the collocation points for discretization along the axial

Fig. 10 Water flow rate Fh2o as the solution is continued in the
primary continuation parameter: „a… inlet water temperature T0;
and „b… air temperature TAIR; the numbers correspond to dis-
tinct cycles shown in Fig. 9
so
den
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emperature is raised �Fig. 7�a�� or the air temperature is lowered
Fig. 7�b��. We find that the heat transfer coefficient in the evapo-
ator is a sensitive parameter that leads to turning points that
esult in multiples solutions �for e.g., solutions 3 and 4 in Fig.
�a��. However, these solutions were found only for rather large
alues of inlet water temperature T0 and not for nominal condi-
ions as observed in the experiment.

Finally, we investigate the sensitivity of the accumulator con-
traint �Eq. �35�� by relaxing the constraint and allowing the inlet
ompressor boundary conditions to move off the separatrix. We
eplace the constraint in Eq. �35� with that in Eq. �34�, freeze the
xternal parameters including T0 and TAIR to their nominal values,
nd continue in the net mass of CO2 in the system. Figure 11
epicts the resulting bifurcation diagram that shows a turning
oint in the solutions where efficient and inefficient cycles can
oexist for a given net mass of CO2 for nominal conditions. Ad-
itional analysis that can validate and explain the experimentally
bserved transition to inefficient cycle is a subject of ongoing
nvestigation.

There are a couple of points to be made regarding the continu-
tion curve in Fig. 11. One, this figure does not provide an expla-
ation for the experimentally observed transition from efficient to
nefficient cycle. This is because: �1� the inefficient cycles are
nstable as the turning point leads to a change in stability type,
nd �2� the inefficient cycles correspond to an unphysical inlet
ompressor boundary condition. The other point is that a continu-
tion scheme will miss any disconnected solution branches. One
f our objectives in carrying out the continuation described in Fig.
1 was to possibly reach such a disconnected branch via relaxing
he inlet compressor constraint. In particular, it can represent a
omotopy possibly connecting two branches that are otherwise
isconnected in physical space. However, two things had to hap-
en for us to achieve our objective: �1� the compressor inlet point
on the cycle� had to move back into the saturated vapor or the
aseous phase; and �2� another turning point needed to arise while
ontinuing the inefficient cycle portion of the branch. These are
eeded for the solution to be physical and stable. Neither of this
ccurs in Fig. 11, thereby invalidating the hypothesis. To the best
f our knowledge, the inefficient cycle seen in experiments arises
s a consequence of a disconnected stable solution branch that
ill require additional investigations.

Conclusions
In this paper, we presented a two-point BVP framework for

omputing, via continuation, steady solutions of practical inter-
onnected vapor compressor systems. We applied the computa-
ional framework to validate the efficient cycle observed in the
eat pump experiment and to determine the effect of parameter
ariations on system performance. The results of the computations
how that multiple and qualitatively distinct distributed steady-
tate solutions can arise for the problem, and that our approach
rovides for a simpler alternative to the much harder problem of

ig. 11 „a… Bifurcation diagram obtained from varying the
ass of CO2 in the system together with „b… resulting cycles
ynamic simulation.

ournal of Computational and Nonlinear Dynamics
Apart from the fact that we restrict our attention to spatially 1D
equations—a reasonable assumption for many of these
problems—no major simplifications are needed to carry out the
steady-state analysis. Moreover, additional lumped components
�for e.g., due to action of control� can be seamlessly adapted into
the framework as additional constraints. The computational prob-
lem arises as a well-posed constrained two-point boundary value
problem, for which off-the-shelf software packages such as AUTO
�5� can most conveniently be used to compute stable as well as
unstable solutions.

Although we presented our approach for the equations moti-
vated by our experimental application, we believe it to be broadly
applicable where �a� quantitatively different �from our case� com-
pressor and expansion valve equations; or �b� other �than CO2�
refrigerants; or �c� equations with 1D-distributed as well as
lumped control; or �d� some combination of the above can also be
easily considered. The only limitation is that the equations of dis-
tributed elements must be 1D—a reasonable assumption for many
of these problems.
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